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A new method for the retrieval of the spectral refractive indices of micrometer-sized particles from
infrared aerosol extinction spectra has been developed. With this method we use a classical damped
harmonic-oscillator model of molecular absorption in conjunction with Mie scattering to model extinction
spectra, which we then fit to the measurements using a numerical optimal estimation algorithm. The
main advantage of this method over the more traditional Kramers–Kronig approach is that it allows the
full complex refractive-index spectra, along with the parameters of the particle size distribution, to be
retrieved from a single extinction spectrum. The retrieval scheme has been extensively characterized and
has been found to provide refractive indices with a maximum uncertainty of �10% (with a minimum of
�0.1%). Comparison of refractive indices calculated from measurements of a ternary solution of HNO3,
H2SO4, and H2O with those published in J. Phys. Chem. A 104, 783 (2000) show similar differences as
found by other authors. © 2005 Optical Society of America
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1. Introduction

Remote sensing of the atmosphere with mid-infrared
radiometers and spectrometers—from satellites, air-
craft, and ground-based platforms—is one of the
primary tools used to determine atmospheric compo-
sition. Recent years have seen this measurement
technique play an increasingly important role in the
determination of the composition, volume, phase, and
size of stratospheric aerosol.1 Knowledge of the aero-
sol’s refractive index is of key importance to deter-
mine the accuracy of retrieved aerosol parameters
from such measurements.

The primary aerosols found in the stratosphere are
composed of sulphuric acid solution or, in the case of
polar stratospheric clouds, ternary solutions of
H2SO4, HNO3, and water. Therefore, to improve the

accuracy of satellite-based measurements of strato-
spheric aerosol, many laboratory-based measure-
ments of H2SO4 and HNO3 binary2–5 and H2SO4 and
HNO3 ternary solution6,7 refractive indices have been
made in recent years. These measurements have
shown that the refractive index is not only strongly
dependent on aerosol composition, but also on tem-
perature because of the temperature-dependent ion
equilibrium in the sulphuric and nitric acid systems.
This increases the need for optical constants of an
aqueous sulphuric and nitric acid aerosol to be mea-
sured across a broad range of stratospherically rele-
vant temperatures and compositions.

Although current laboratory data have undoubt-
edly improved the accuracy of refractive indices used
in the analysis of mid-infrared atmospheric measure-
ments, there remain significant differences between
the individual data sets.8 In particular, most avail-
able refractive indices thus far have been derived
from spectral measurements of thin films. McPheat et
al.9 showed that there are significant differences in
extinction spectra resulting from thin films and those
from aerosol. Although some measurements of
aerosol-based refractive indices are available, they
cover a narrow range of compositions.

One reason for the lack of laboratory measure-
ments of aerosol spectra is that determination of re-
fractive index from aerosol measurement is
significantly more difficult than for thin-film mea-
surements. The traditional way to determine the re-
fractive index from extinction measurements is to
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employ the Kramers–Kronig relation between the
real and the imaginary parts of the refractive index
(see, for example, Clapp et al.,10 Niedziela et al.,3
Biermann et al.6). The major disadvantage of this
approach when applied to aerosol measurements is
that, to gain absolute spectral refractive indices, two
extinction spectra are required for each composition
and temperature combination.10 It is therefore nec-
essary to measure spectra for two separate particle
size distributions, without altering either particle
composition or ambient temperature. In the case of
volatile liquid aerosol, this presents significant exper-
imental difficulties. In addition, Wagner et al.8 sug-
gest that, if the initial guess at the spectral refractive
indices is not sufficiently accurate, the analysis will
result in incorrect results.

In this paper we present a method for determining
complex spectral refractive indices, as well as size
distribution parameters, from a single infrared aero-
sol extinction spectrum. With this method, pioneered
by Bass,11 we use a classical damped harmonic-
oscillator (CDHO) model of molecular absorption,12

along with a Mie-scattering algorithm, to predict
aerosol extinction. The modeled extinction is then
fitted to measurements with a numerical retrieval
scheme. This approach removes the necessity of mak-
ing two distinct measurements of aerosol with the
same composition and thus greatly simplifies the ex-
perimental requirements for the determination of
aerosol refractive indices.

2. Retrieval Method

The determination of aerosol optical properties from
measurements of extinction spectra is an example of
a retrieval problem that is amenable to the applica-
tion of numerical optimization techniques. If we de-
fine a measurement vector y consisting of the
measured extinction values, with an associated error
covariance matrix S�, the retrieval problem can be
expressed in terms of finding the value of the state
vector x for which the forward model F�x� produces
the best fit to y, subject to the constraints imposed by
any prior knowledge we have of the state.

The algorithm used to perform the retrieval is the
Levenberg–Marquardt method, and the quality of the
fit between the state estimate and the measurement
is measured by the conditional probability of the state
given the measurement P�x�y�:

�2 ln P(x|y) � [y � F(x)]TS�
�1[y � F(x)] � (x

� xa)
TSa

�1(x � xa). (1)

Here xa represents our best estimate of the state before
the measurement was made (the a priori) and Sa is its
covariance matrix representing the uncertainty in this
knowledge. The quantity defined in Eq. (1) is the func-
tion minimized by the retrieval algorithm (the cost
function) and is essentially the sum of squares of the
differences between the measurement and the forward
model and between the state estimate and the a priori

measurement, weighted by the measurement and a
priori uncertainties, respectively.

Details of the numerical optimal estimation and the
Levenberg–Marquardt technique have been widely
published (see Press et al.13 and Rodgers,14 for exam-
ple).

3. Forward Model

The heart of this analysis scheme is the forward
model, which maps the state vector to a correspond-
ing measurement vector. With the technique de-
scribed here, we use a CDHO model of molecular
absorption to relate physical properties of a sub-
stance to its refractive index at a given wavelength.
This refractive index is then used by a Mie-scattering
algorithm to predict the extinction that results from
a distribution of particles of the given type.

The CDHO model relates the wavelength-dependent
complex molar polarizability, �m��� � �m����
� i�m����, to a set of p vibration bands, with each band
being described by the oscillator’s central wave num-
ber �j, width (damping constant) �j, and intensity Sj,
where j � 0, 1, . . . , p, by the relations12

�m�(�) �
3NA(�� � 1)
4	N(�� � 2) �

NA

4	2c2 �
j

(
j
2�3)(�j

2 � �2)

(�j
2 � �2)2 � �j

2�2,

(2)

�m�(�) �
NA

4	2c2 �
j

(
j
2�3)�j�

(�j
2 � �2)2 � �j

2�2, (3)

where NA is Avogadro’s number, 
j is the derivative of
the dipole moment with respect to the normal coor-
dinate for the jth band (and is divided by three to
account for the random orientation of molecules in
the sample), N is the number of molecules in a unit
volume, and �� is the value the dielectric constant
takes at an infinite wavelength (zero frequency).

Note that from Eqs. (2) and (3), determination of
���� is not possible without knowledge of N and 
j.
However, using the Lorentz–Lorenz relation,

�(�) � 1
�(�) � 2 �

m(�)2 � 1

m(�)2 � 2
�

4
3 	N�(�), (4)

where N is the number of molecules per unit volume,
we can relate the real and imaginary parts of the
complex dielectric constant for a material [����� and
�����, respectively] to the band parameters:12

��(�) � �� ��
j

Sj(�j
2 � �2)

(�j
2 � �2)2 � �j

2�2, (5)

��(�) ��
j

sj�j�

(�j
2 � �2)2 � �j

2�2. (6)

Note that Eq. (4) differs from the usual form of the
Clausius–Mossotti equation in that �, m, and � are all
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wavelength-dependent, complex quantities. The in-
clusion of complex quantities in Eq. (4) accounts for
absorption features within a spectrum.

Finally, the refractive and absorptive components
of the complex refractive index �m � n � ik� can also
be calculated, again from application of Eq. (4):

n(�) � (����(�)2 � ��(�)2	1�2 � ��(�)

2 )

1�2

, (7)

k(�) � (����(�)2 � ��(�)2	1�2 � ��(�)

2 )

1�2

. (8)

As an aside, we also note that

�m�(�) �
3NA

4	N
���(�) � 1	���(�) � 2	 � ��(�)2

���(�) � 2	2 � ��(�)2 , (9)

�m�(�) �
9NA

4	N
��(�)

���(�) � 2	2 � ��(�)2. (10)

Thus, given knowledge of N, the molar polarizability
can be computed without knowledge of 
j. Although
this parameter is not currently included in the output
of the forward model, accurate knowledge of particle
composition would allow it to be calculated in addi-
tion to the refractive index.

It should be noted that the CDHO model relies on
the assumption that each individual oscillator j is
sufficiently isolated so that the dielectric constant
due to all other oscillators is real and constant across
the frequency range of oscillator j. In practice, despite
its approximation of the physical process of molecular
absorption, the CDHO model produces �m absorption
bands that are extremely close to those observed,12

provided that the features are symmetric. In addi-
tion, the Lorenz field, which allows the application of
Eq. (4), is valid only for isotropic materials with close
to spheric geometry in which the constituent mole-
cules are small in comparison to the wavelength of
the radiation causing the excitation.15 Most ionic liq-
uids, light hydrocarbons, and many solids satisfy
these criteria, however.

The forward model uses Eqs. (5)–(8) to calculate
spectral refractive indices for a given band parameter
set. The �� � m�

2 parameter is included as a fixed
parameter, based on relevant published values of re-
fractive index at visible wavelengths.

These refractive indices are then used to calculate
the extinction of the aerosol population with a Mie-
scattering algorithm and an assumed form of particle
size distribution. The most common size distribution,
particularly for liquid aerosol, is log normal; and it is
this form that we use as an example. With these
assumptions, it is the band parameters (�j, �j, and Sj)
along with the parameters describing the size distri-

bution that provide the input for the forward model
and thus form the state vector for the retrieval prob-
lem. The total extinction, at a wave number �, of an
aerosol population with a log-normal size distribution
is

�ext(�) �
N0

ln S �	

2 �
0

	

rQext(�, m, r)

� exp�
(ln r � ln rm)2

2 ln2 S �dr, (11)

where rm is the median radius of the distribution and
the standard deviation of ln r is ln S; N0 is the total
number density of particles; and Qext��, m, r� is the
extinction efficiency of a particle of radius r, as given
by Mie-scattering theory. Thus the state vector used
in the retrievals consists of N0, rm, S, and p sets of the
three band parameters (�j, �j, and Sj), where, to de-
scribe a typical infrared aerosol extinction spectrum,
p  50. Determining the exact number of bands re-
quired to fit a given spectrum is in itself a difficult
problem. Ideally, measurements of the infrared ab-
sorption features of the component compounds mak-
ing up the aerosol of interest would be used to define
the a priori band set. Unfortunately, in practice there
are a lack of such measurements in the literature,
and thus building the a priori band set must be done
in a more ad hock fashion. Thus far the method em-
ployed has been to build the best possible set from
knowledge of the expected absorption bands of the
material in question and then add and remove bands
based on the results of trial retrieval runs. For ex-
ample, if a feature present in the measured spectra is
consistently missing in the retrieved spectra, a band
is added to improve the fit. Conversely, if the retrieval
algorithm consistently returns a low strength �Sj� for
a particular band, it is removed as it is not required
to fit the spectra. Although this approach has been
found to provide excellent spectral fits, the uncer-
tainty in the a priori band structure still represents a
significant systematic error in the forward model.

An additional feature of this forward model is that
all derivatives (which are a vital component of the
retrieval process since they make up the Jacobians)
are calculated analytically. Use of analytical deriva-
tives results in both an increase in the accuracy of the
derivative values and a considerable saving in com-
putation time (since the forward model need be com-
puted only once for each state estimate, rather than
the many times required to compute numerical de-
rivatives by perturbing each state element in turn).
Grainger et al.16 give expressions for the derivatives
of Mie-scattering functions with respect to refractive
index, as well as the parameters of a log-normal size
distribution. The derivatives of refractive index with
respect to the band parameters, as well as the process
by which the different derivatives are combined to
form the Jacobians, are detailed in Appendix A.
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4. Implementation of the Retrieval Algorithm

Use of the CDHO and Mie forward models in this
retrieval problem introduces two complicating factors
in the representation of the state and the final solu-
tion. First, as we are not directly retrieving the quan-
tity of interest (i.e., the complex refractive index of
the particles), but rather the CDHO band parameters
that best reproduce the measured spectra, the char-
acterization of the solution is more complicated than
in the standard case. Second, the elements of the
state vector have a range of values that cover several
orders of magnitude, as does the forward model’s sen-
sitivity to these elements.

We addressed the first of these issues by applying
a cutdown version of the forward model that calcu-
lates the refractive index from the band parameters
without performing the Mie-scattering calculations
to the solution. This calculation can be represented by
the equation

m � fm(x), (12)

where m is a vector of complex refractive indices, x is
the state vector containing the CDHO band parame-
ters, and fm represents the cutdown forward model.

The second issue causes numerical instabilities
during the retrieval process, particularly with the
inversion of the covariance matrices, which in turn
results in inaccurate error estimates. To prevent this,
the logarithm of the state vector is retrieved, rather
than the state itself. In addition to reducing numer-
ical instabilities, retrieval in log space has the added
advantage that it constrains all elements of the state
vector to be positive (which corresponds to the phys-
ical constraints).

5. Error Propagation

In addition to an estimate of the spectral refractive
indices (our state estimate), we required a character-
ization of the precision of these estimates. Optimal
estimation provides error estimates in the retrieved
state based on the uncertainties in the measurement,
a priori, and forward model. The sources of error that
need to be taken into account in the retrieval of the
refractive index with the CDHO and Mie models are

1. measurement noise;
2. the uncertainty in a priori information;
3. errors due to assumptions made in the forward
model and due to its approximate nature (i.e., taking
into account that the model does not accurately rep-
resent the true physical processes taking place in
molecular absorption); and
4. the uncertainty in forward model parameters, most
notably m�.

The standard formulation for the optimal estimation
of the expected value of the state explicitly includes
the measurement noise and a priori uncertainty in
the form of the measurement and a priori covariance
matrices. The measurement covariance accounts for

the measurement noise, and the a priori covariance
essentially defines the region of state space where
acceptable solutions can lie.

Important sources of error in a retrieval scheme
are inaccuracies within the forward model, particu-
larly when the model is a simplification of the phys-
ical processes, as is the case with the CDHO model.
Here, this forward model error is due to both the
approximate nature of the CDHO model and the as-
sumptions inherent in the Mie-scattering model. A
significant source of error in the CDHO forward
model originates from the poor prior knowledge of the
absorption bands expected for a given species. There
have been relatively few measurements to determine
the number, frequency, and strength of individual
absorption features that make up the absorption
spectra of species commonly found in atmospheric
aerosol. It is thus not possible to provide a well-
constrained set of band parameters to the retrieval—
the only criteria for an acceptable band set is its
ability to model the observed extinction spectra. How-
ever, it has been found that if an inaccurate band set
is used, even though it might provide an excellent fit
to an extinction spectrum, the discrepancy between
the retrieved and the true spectral refractive indices
will generally be greater than that predicted by re-
trieval error estimates.

In addition to errors resulting from the CDHO part
of the forward model, errors due to the Mie-scattering
model must also be taken into account. The two main
assumptions inherent in the Mie-scattering model
used here are that the particles are spherical and
that they conform to a given size distribution. In
many experimental cases these assumptions will be
quite accurate—particularly if the aerosol is liquid
and independent measurements of the size distribu-
tion are made. However, if solid particles, such as ice
or mineral dust, were to be analyzed, it is likely that
the accuracy of the forward model would be substan-
tially reduced. This is particularly true of mineral
dust samples, which, in addition to being nonspheri-
cal, often have multimodal size distributions.

To characterize forward model error terms such as
these, an ensemble of retrievals based on a measure-
ment of a known state must be performed. The ex-
pectation value of the squared difference between the
true and the retrieved states, mapped onto measure-
ment space, will provide the covariance matrix for the
forward model error:

Sfm � ���K(x � x̂)	�K(x � x̂)	T
, (13)

where K is the Jacobian matrix (made up of the de-
rivatives calculated by the forward model) that maps
the true state onto the measurement, x denotes the
true state, and x̂ denotes the retrieved state. This
covariance is then used to modify the weighting in-
troduced by the measurement error by simple addi-
tion:

Sy � S� � Sfm. (14)
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In practice this calculation requires either a sequence
of measurements of a known aerosol or the errors
estimated by performing a series of retrievals on sim-
ulated measurements. In this case this can be done by
generating an extinction spectrum with the CDHO
and Mie models and then by retrieving the spectral
refractive indices with an incorrect set of assump-
tions in the CDHO and Mie models. However, if this
approach is used, one significant source of forward
model error is neglected. Because the CDHO model
uses symmetric absorption bands, it is unable to
model asymmetric absorption features. For infrared
extinction by atmospheric aerosols, the most impor-
tant of these is the OH stretch region between 3500
and 4000 cm�1. Since we have a priori knowledge of
this feature, an increased forward model error can be
included in the affected region manually. This in-
creases the relative weighting of the a priori spec-
trum in this region, allowing a poor fit to the
measured spectrum. The retrieved refractive indices
in the OH stretch region will therefore be inaccurate,
which is probably the greatest weakness of the
CDHO model-based retrieval.

The final error term to be included is that due to
the uncertainty in the refractive index at an infinite
wavelength �m��. This introduces another weighting
term to the fit between the measurement and the
forward model, resulting in the measurement covari-
ance matrix being replaced by the term

Sy � S� � Sfm � Km�
Sm�

Km�

T , (15)

where Km�
is the Jacobian giving the sensitivity of the

forward model to the m� parameter, and Sm�
is the

covariance matrix for the parameter. In this case,
since we are concerned only with a single parameter,
Km�

will actually be a column vector of length m, and
Sm�

will be a scalar (the variance of m�). Thus the
general Eq. (15) can be rewritten as

Sy � S� � Sfm � km�
sm�

km�

T . (16)

The vector km�
is calculated from an analytical ex-

pression for the derivative of �ext with respect to m�

each time the forward model is calculated. This ma-
trix then replaces the measurement covariance ma-
trix. The expressions for the retrieval iteration and
the cost function, for example, then become

xi�1 � xi � (Sa
�1 � Ki

TSy
�1Ki � �Dn)

�1�Ki
TSy

�1�y � f(xi)	
� Sa

�1(xi � xa)
, (17)

(where Dn is a scaling matrix—the a priori covariance
matrix in this case) and

� 2 ln P(x|y) � �y � f(x)	TSy
�1�y � f(x)	

� (x � xa)
TSa

�1(x � xa), (18)

respectively. After the final iteration, the covariance

matrix of the state (size distribution and band pa-
rameters) is given by

Ŝ � (Sa
�1 � Ki

TSy
�1Ki)

�1. (19)

The final step in a retrieval is to calculate the spec-
tral refractive indices and their associated error es-
timates. The cutdown forward model relating the
state to the refractive index [Eq. (12)] has two asso-
ciated Jacobians: one for the real part of the refrac-
tive index, denoted by Kn, and one for the imaginary
part, denoted by Kk. These weighting functions allow
the calculation of error estimates for the refractive
index, with the covariance of n, for example, being
given by

Sn � KnŜx̃Kn
T, (20)

where Ŝx̃ denotes the section of the solution covari-
ance that describes the CDHO bands because the
refractive index does not have a functional depen-
dence on the size distribution. In addition, the aver-
aging kernel,

Am �
�m
�x (21)

can also be calculated, giving the sensitivity of the
retrieved refractive index to the state. As with the
covariance, this expression is actually two: one each
for the real and imaginary parts of the refractive
index:

An � KnA, (22)

Ak � KkA. (23)

6. Retrieval with Simulated Measurements

To characterize the performance of the retrieval code,
extensive analysis of simulated measurements has
been carried out. For such analysis the forward model
is used to generate an extinction spectra based on a
given set of CDHO band and particle size distribution
parameters. This extinction spectra is then used as
the measurement vector for a retrieval run in which
the a priori band parameter set differs from that used
to generate the measurement.

Figure 1 shows the spectral fit that results from
such a retrieval, where the simulated measurement
was generated with a 31-band CDHO model of
H2SO4�HNO3�H2O supercooled ternary solution
(STS), and a 24-band model was used for the re-
trieval. The residuals are shown normalized to the
measurement error, which are the error estimates
extracted from an actual spectral measurement. De-
spite the fact that we used a simplified forward model
for the retrieval, the spectrum was fitted within the
measurement uncertainty for the entire frequency
range, except in the OH stretch region. Figure 2
shows both the true and the retrieved refractive-
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index spectra corresponding to the fit shown in Fig. 1.
The agreement between the two profiles is good for
the majority of the spectra; however, Fig. 3 clearly
shows that the refractive-index error estimates based
on the measurement noise alone grossly underesti-
mate the true discrepancy between the two profiles.

A breakdown of the overall error estimate used in
the retrieval, including the forward model and the
forward model parameter error, is shown in Fig. 4. It
is clear that uncertainties in the forward model are
the limiting factors in the precision of the retrieval
rather than the measurement error. Figure 5 shows
the total error estimates in the refractive indices
along with the actual differences between the ex-
pected and the retrieved values. Inclusion of the for-
ward model and the forward model parameter error
has accounted for the observed discrepancies. These

results indicate that we can expect uncertainties to
range between approximately 0.001 and 0.1 in the
real part of the refractive index and between 10�3 and
0.04 in the imaginary part.

7. Retrieval with Measured Extinction Spectra

Spectral measurements of the infrared extinction of
H2SO4�HNO3�H2O STS and H2SO4�H2O ?�binary
solution aerosol have been made at the Molecular
Spectroscopy Facility (MSF) at the Rutherford Apple-
ton Laboratory (RAL) as part of the Mapping of Polar
Stratospheric Clouds and Ozone Levels Relevant to
the Region of Europe (MAPSCORE) project. The RAL
MSF uses a 75-dm3 pressure- and temperature-
controlled aerosol cell capable of recreating strato-
spherically relevant conditions. This is coupled with a
Bruker IFS 66v�S Fourier-transform spectrometer,

Fig. 1. (a) Simulated extinction spectra generated with the
CDHO model (dotted curve) and the corresponding retrieved fit
(solid curve). (b) The residuals of the fit normalized to the mea-
surement errors (dotted curve). The dashed lines indicate the 1�

bounds.

Fig. 2. (a) Real and (b) imaginary refractive indices correspond-
ing to the fit shown in Fig. 1. The solid curves show the true spectra
and the dashed curves show the retrieved values.

Fig. 3. Absolute difference between the true and the retrieved
refractive indices (solid curves) and the retrieved refractive-index
error estimates based on measurement errors alone (dashed
curves) for the (a) real and (b) imaginary parts.

Fig. 4. Full measurement and forward model error estimates
used in the retrieval. The dotted curve is the measurement error,
the dashed curve is the forward model error (not including that due
to the asymmetric OH stretch), the dashed–dotted curve is the
forward model parameter error, and the total error is indicated by
the heavy solid curve.
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which is capable of 0.12-cm�1 resolution measure-
ments from the near to mid-infrared (350–7000 cm�1

when operated with deuterated L-alanine triglycine
sulfate and mercury cadmium telluride detectors). The
aerosol system is fully described by McPheat et al.17

Figure 6 shows an example of a STS aerosol spec-
trum measured at the RAL MSF, as well as the spec-
tral fit given by the retrieval. The spectra, as
presented to the retrieval scheme, are the mean of
several individual spectra measured over the course
of a few minutes. The standard deviation of these
individual spectra provide the measurement error es-
timates for the retrieval. Any cross correlation be-
tween measurements (such as might be introduced
by apodization by the spectrometer) was neglected in
the analysis.

Once again the spectral fit is good, with only the area
around the asymmetric OH feature showing any no-

ticeable deviation from the measured spectra. The re-
siduals [Fig. 6(b)], which in this case also take the
forward model and forward model parameter uncer-
tainties into account, show that the fit is well within
the error bounds. Figure 7 shows the resulting
refractive-index spectra, along with their error esti-
mates. In relative terms, the uncertainty in the real
part of the refractive index ranges from approximately
10% at the low-frequency end of the spectrum to ap-
proximately 0.1% at higher frequencies. The uncer-
tainties on the absorption are relatively higher,
ranging between 10% and 20% across the spectrum,
mainly due to the low absorption across much of the
spectrum.

Although composition measurements are not avail-
able for the data presented here, an initial compari-
son of this result with published STS refractive
indices has been made. The refractive-index mea-
surements of Biermann et al.6 cover a wide range of
compositions and temperatures for STS, and soft-
ware is available that interpolates between the mea-
sured values to provide continuous coverage. Using
the Biermann et al. interpolation routine and the
Mie-scattering section of our forward model, we can
produce extinction spectra based on the Biermann
refractive indices and retrieved particle size distribu-
tions from MSF measurements. This facility has been
used to compare the Biermann et al. refractive indi-
ces and those shown in Fig. 7 by performing a simple
least-squares fit using a brute-force technique (i.e.,
stepping through all possible compositions, with
steps of 2% concentration by weight in H2SO4 and
HNO3, and selecting the one that provides the best
fit) between the RAL MSF and Biermann extinction
spectra. This procedure has neglected any form of
error analysis and is intended only to provide a qual-
itative comparison between refractive indices pro-
duced by the new method and values already in
extensive use.

Fig. 5. Same as Fig. 3, except that the dashed curves show the
refractive-index uncertainties once the forward model and forward
model parameter errors have been taken into account.

Fig. 6. (a) STS spectra measured at the RAL MSF (points) along
with the retrieved spectral fit (solid curve). (b) The residuals,
scaled by the total uncertainty (measurement, forward model, and
forward model parameter). The aerosol was at a temperature of
250 K, and the retrieved particle size distribution parameters were
N0 � 1.44 � 106 cm�3, rm � 0.60 
m, and S � 1.36.

Fig. 7. (a) Real and (b) imaginary refractive indices correspond-
ing to the fit shown in Fig. 6. The dashed curves indicate the 1�

uncertainties.
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The best fit achieved between the Biermann et al.
data and the RAL MSF measurement shown in Fig. 6
is given in Fig. 8. The Biermann et al. spectrum cor-
responds to a composition of 31-wt.% H2SO4 and
5-wt. % HNO3 by use of the same size distribution as
was retrieved for the RAL MSF measurement �N0

� 1.44 � 106 cm�3, rm � 0.60 
m, S � 1.36) and the
temperature recorded for the MSF measurement,
250 K.

It is clear that, although the extinction spectra
share similar absorption features, there are signifi-
cant differences between them, particularly at small
wave numbers. The comparison between the corre-
sponding Biermann et al. refractive indices and those
derived from the RAL MSF measurements (Fig. 9)
shows even more striking differences, with absorp-

tion values at low wave numbers being different by
up to a factor of 2.

When drawing conclusions from this comparison,
care must be taken. Since the composition of the aero-
sol that produced the extinction spectrum shown in
Figs. 6 and 8 is unknown, apart from the fact that it
is STS, we cannot be sure we are comparing spectra
of similar material. However, it should be noted that
this fit was the best for the entire range of the Bier-
mann et al. data set. In addition, differences that can
be seen in Fig. 8 are consistent with those found
between RAL MSF spectra and synthetic spectra
based on the Biermann et al. data reported by
McPheat et al.,9 where discrepancies of over 20% in
extinction were also found below 2000 cm�1. Wagner
et al.8 also find similarly sized discrepancies among
the Biermann data set binary H2SO4 or HNO3 solu-
tions; their own measurements; and the refractive-
index data of Tisdale et al.,2 Niedziela et al.,3 Norman
et al.,4 and Myhre et al.5

8. Future Research

There are three areas that need to be addressed for
the analysis technique presented here to realize its
full potential. The first of these is the inability of the
CDHO model to represent asymmetric absorption
features. It is hoped that by the inclusion of an asym-
metry parameter (essentially introducing a direc-
tional dependence to the damping constant �j in
selected bands) this problem can be overcome.

The other two issues relate to the measurements
used in conjunction with this analysis technique. It is
highly desirable that independent measurements of
the particle size distribution and m� be made, as well
as the measurements of the extinction spectra and
particle composition. A better definition of these two
quantities will result in a more accurate and stable
retrieval because it will better constrain the solution.
In addition, a direct measurement of the particle size
distribution will allow the correct form of distribution
to be used in the retrieval.

Once these issues have been addressed, and extinc-
tion spectra of aerosol of a known (and atmospheri-
cally relevant) composition are available, an
extensive database of atmospheric aerosol refractive
indices can be built up. With such a resource the
accuracy of remotely measured aerosol properties can
be substantially improved, both by reanalysis of ex-
isting data and by application to new measurements.

9. Conclusion

A new algorithm has been developed to retrieve spec-
tral refractive indices, along with the parameters of
the particle size distribution, from infrared extinction
spectra of aerosol. The algorithm makes use of a clas-
sical damped harmonic-oscillator (CDHO) model of
molecular absorption and a Mie-scattering model of
aerosol extinction. The primary advantage of this
technique over the Kramers–Kronig-based methods
usually used to analyze such measurements is that it
allows the determination of both the real and the

Fig. 8. (a) Comparison of the MSF measured extinction spectrum
shown in Fig. 6 (solid curve) and the best fitting modeled spectrum
based on the Biermann et al. STS refractive database (dashed
curve). The relative residuals [(MSF extinction-Biermann extinc-
tion)�Biermann extinction] are shown in (b).

Fig. 9. Comparison between the refractive indices derived from
the MSF extinction spectrum shown in Figs. 6 and 8 (solid curve)
and the Biermann et al. refractive indices corresponding to the
extinction spectrum shown in Fig. 8. Again, (a) shows the real part
of the refractive index and (b) the imaginary part.
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imaginary parts of the refractive index, at full spec-
tral resolution, from a single extinction spectrum.

Extensive characterization of the forward model
and the retrieval scheme has been carried out. It has
been determined that at present the uncertainty in
the result is limited by the uncertainties in the
refractive-index anchor value �m�� and forward
model error. The forward model error has three main
sources: (i) the uncertainty in the number of absorp-
tion bands required for the CDHO model, (ii) the
inability to model asymmetric absorption features
(primarily the OH stretch region around 3500 cm�1)
with the symmetric absorption bands of the CDHO
model, and (iii) poor prior knowledge of the particle
size distribution. It is hoped that the symmetry lim-
itation can be overcome by the introduction of an
asymmetry term in the CDHO model; however, the
other limitations can be overcome only by simulta-
neous measurements of m� and the particle size dis-
tribution with the aerosol extinction spectra.

The new retrieval scheme has been applied to mea-
surements of supercooled ternary solution (STS)
aerosol measured at the Molecular Spectroscopy Fa-
cility at the Rutherford Appleton Laboratory. The
CDHO model was able to provide a good fit to the
measured spectrum, and well-defined refractive indi-
ces were obtained. These results have been compared
with values from the Biermann et al.6 measurements
of thin-film STS by finding the best fit between the
RAL MSF spectrum and a modeled extinction spec-
trum by use of the Biermann refractive indices. This
comparison has revealed significant differences in
both the extinction and the refractive-index spectra,
which are similar to differences found by other au-
thors in comparisons with other data sets and the
Biermann et al. values.

Appendix A: Analytical Derivatives of the Forward
Model

Derivatives of the forward model with respect to the
parameters of the size distribution can be obtained
directly from Eq. (11)16:

��ext
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1
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2 �
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rQext exp�
(ln r � ln rm)2

2 ln2 S �dr,
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Grainger et al.16 give expressions for the derivatives
of the extinction with respect to the refractive index,
��ext��n and ��ext��k (omitted here for brevity). In
turn, the derivatives of refractive index with respect
to the dielectric quantities �= and �� are
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The derivatives of �= and �� with respect to the band
parameters are
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We can combine these expressions to give the deriv-
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atives of the extinction with respect to the band pa-
rameters using the chain rule:

��ext

�Z �
��ext

�n
�n
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�k
�Z

�
��ext
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���
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���

�Z��
��ext

�k � �k
���

���

�Z �
�k
����,

(A14)

where Z represents one of �j, �j, or Sj.
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