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Background and Theory

Cloud droplet number concentration (CDNC) is the measure of how many droplets there are at the base of a

cloud per unit volume. Scientists have been using this quantity as a proxy (alternative) to cloud condensation

nuclei concentration (CCN). CCN and CDNC are slightly different quantities because whereas CDNC is the

number of cloud droplets that have actually been formed at the base of a cloud, CCN is the number of

nuclei at the base of a cloud which cloud droplets could form arounds (give Hurley introduction as a good

introduction to clouds). Therefore CCN is a measure of the potential to form cloud droplets at the bottom

of the cloud (more general than the number of droplets already formed).

The reason that scientists are interested in having a value for CCN in a cloud is primarily because of the

Twomey Effect [1]. The Twomey Effect concerns the relationship between cloud droplet number (and size)

and the cloud albedo of the atmosphere. The cloud albedo is a description of how much radiation is reflected

from the Sun before it reaches the Earth’s surface. Cloud albedo affects the Earth’s climate because of cloud

radiative forcing so is very important in terms of climate change [2]. Therefore CCN is very important for

predictions about the climate. However, CCN is a difficult quantity to measure. Since CDNC and CCN are

similar quantities, if there was an easier way to calculate CDNC (particularly from satellite data) this might

be useful for researchers concerned with cloud albedo and climate prediction.

In fact there are currently three methods being used to calculate CDNC. The first is using in situ data from an

aircraft (for example VOCALS-Rex) [3]. In this case, the aircraft has a cloud droplet probe (CDP) attached

to one of the wings (a laser particle measuring device) and directly measures the number of cloud droplets in

the area that the plane flies. This is the most accurate method but is expensive and does not cover a large

area of the atmosphere. The other two methods use satellite data instead of in situ measurements.

The first of these is the one used more often and requires two measurements from a MODIS satellite [4, 5].

It is derived using thermodynamics but makes a lot of assumptions about the type of cloud. The derivation

can be found in the paper on CDNC written by Grosvenor et al.(2018) [6].
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The two satellite quantities are τc and re, where
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where βext is the extinction coefficient of the cloud, and
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where n(r) is the size distribution of the cloud droplets.

There are many assumptions made to make this equation valid for a cloud. The two most important are

that:

• The concentration of droplets in the cloud is constant vertically.

• The liquid water content of the cloud increases linearly (as a fraction of its adiabatic value) with

geometrical cloud height.

These conditions are equivalent to:

Nd = constant and LWC = fadcwz (4)

These two assumptions are very similar to assuming that droplets grow adiabatically in the cloud. The only

clouds that satisfy these two assumptions (or nearly do anyway) are stratocumulus clouds[6].

The other assumptions that go into (1) are that:

• The wavelength(s) measuring τc and re from the satellite is(are) much larger than the cloud droplets

themselves. This means that the geometrical optics limit is reached and that Qext can be assumed to

tend to its asymptotic value of 2 [6].

• The ratio between the mean volume radius
(
rv

3(z) = 1
Nd

∫∞
−∞ r3n(r)dr

)
and the effective radius is a

constant k. This is valid for stratocumulus clouds [6].

There is a problem with the equation which is suggested in [6] regarding the assumption of linearly increasing

liquid water content in the cloud. This is because when τc and re are calculated from the raw reflectance

data received by the satellite [7], it is assumed that the liquid water content is constant vertically within the

cloud. This means that the assumptions to calculate τc and re from reflectance data and CDNC from τc, re

are incompatible with each other. There may be a way of justifying this (the Grosvenor paper does this to

an extent).

The final way of calculating CDNC is an empirically derived equation. It uses two types of satellite data

(LIDAR and MODIS) (reference the NASA information) and is therefore used less frequently. However, it

has the advantage of not relying as much on the assumption that cloud droplets grow adiabatically [8]
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The Project

In the equation used for CDNC, re is put to the highest power meaning that most of the uncertainty in the

value of CDNC comes from uncertainty in the measurement of re. One such source of uncertainty is the

wavelength used to measure re. This is because in the derivation of the equation, re is not assumed to be

vertically constant in the cloud. The value of re used in the equation should be the effective radius at cloud

top re(ztop). However when satellites retrieve values for re at different wavelengths these are at different

heights in the cloud (z 6=ztop). This is because light from satellites always penetrates into the cloud itself

rather than just measuring the top. The depth into a cloud that signals from a satellite are able to penetrate

is dependent on the wavelength of the light. Therefore the effective value of z for which re is being retrieved

depends on the wavelength of light used to make the re measurement (Figure 1). Various analyses have
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used different values of re in retrievals , for example [6], which compares CDNC calculations using re from

different wavelengths and quantifies the uncertainties.

Figure 1: A diagram showing how different wavelengths measure effective radius.

This project investigated how a better estimate of re could be calculated for the CDNC equation. The aim

was to see wheter there was any trend between the effective radius measurements from different wavelengths

and the wavelengths themselves (or the optical depths that these wavelengths penetrate into cloud). This

relationship would then be compared to an analytic relationship between re and τ in clouds and thus an

extrapolation for the value re(ztop) could be attempted. Then put a diagram here of effective radius in a

cloud.

The analyic relationship between re and optical depth has different forms depending on the adiabicity of the

cloud. For CDNC calculations clouds are assumed to be adiabatic. The relationship for these clouds is

re =

(
a0 − a1

τ

τc

) 1
5

(6)

where τ is optical depth into the cloud, τc is total optical thickness of the cloud and a0 and a1 are constants

[9]. However, if the cloud has significant entrainment at the cloud top, the relationship changes [9] to

re = a0 − a1
τ

τc
. (7)

The cloud data from MODIS gives measurements for effective radius and cloud optical thickness at different

wavelengths (1.6, 2.1 and 3.7 microns). To find out how far each wavelength penetrates into the cloud, it is

assumed that on average light reaches an optical depth of 1 into the cloud before it is absorbed. Then the

fractional optical depth
(
τ
τc

)
that light reaches in the cloud is assumed to be

(
1
τc

)
, where τc is the measured

optical thickness of the cloud for a particular wavelength. A map of measured optical thickness for all three

wavelengths is shown in Figure 2.
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Figure 2: A map of optical thickness of clouds for a MODIS tile for 3 different wavelengths.

To make sure that the cloud data being looked at was for adiabatic clouds only (so that equation (6) would

hold), a simple filtering was used to try and select data from stratocumulus clouds only. This was done

by limiting the cloud top height to within 500m and 2000m, limiting the effective radius to being below 30

microns and the optical thickness above 0.5 (Figure 3).

Figure 3: A map of cloud top height before and after the original filtering used for the clouds.

For this filtered data the effective radius for all 3 wavelengths was plotted against the calculated fractional

optical depth
(

1
τc

)
. The scatter plots were difficult to interpret since despite the filtering there was still

significant noise in the data. Since it was possible to see that some areas of the graph were more densely

populated with points than othrs, a 2D histogram of the data was plotted to investigate whether there was

any kind of trend between re and τc for this cloud data.

Figure 4: Scatter plots and 2D histograms for effective radius against optical depth measurements.
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Since the data was still noisy, different filtering conditions were used to select the cloud data (reference

paper here). This was more effective in showing a trend between re and
(

1
τc

)
.

Figure 5: A map of cloud top height before and after the new filtering used for the clouds.

The plots of effective radius against fractional optical depth into the cloud were also changed because the

earlier plots did not consider that τ itself is a function of wavelength. Using equation (2) and assuming that

βext is constant throughout the cloud, for a wavelength A

x =
τA
βA

where x is the geometrical height from either the top or the bottom of the cloud (depending on how τ is

defined in the equation). Therefore

H =
τA
∗

βA
=
τB
∗

βB
and h =

τA
βA

=
τA
βB

(the superscript * indicates the total optical thickness of the cloud)

βB
βA

=
τA
∗

τB∗
=
τA
τB
.

In this equation the subscripts A and B denote whether an optical depth or thickness (τ or τ∗) is being

given relative to wavelength A or B. Earlier it has been assumed that light on average penetrates to a optical

depth of 1 inside a cloud as viewed by the wavelength of that light. Therefore in this notation, if the optical

depth of penetration of light of wavelength B were to be converted to being relative to wavelength A, τB

would be 1 (the optical depth into the cloud as seen by wavelength A) and the optical depth of this relative

to wavelength A would be τA. Using the equation above,

τA =

(
τA
∗

τB∗

)
τB =

(
τA
∗

τB∗

)
1 =

(
τA
∗

τB∗

)
.

Therefore

τA =

(
τA
∗

τB∗

)
.

A visual explanation of this is shown in Figure 6.
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Figure 6: A visual representation of how to convert optical depth into being relative to a specific wavelength.

Taking this into account, plots were made of re against
(
τ
τc

)
relative to a reference wavelength to investigate

whether this helped to show a clearer trend (Figure 7). This in combination with the new filtering method

did show a clear negative correlation between re and
(
τ
τc

)
.

Figure 7: Scatter plot and 2D histogram of effective radius against relative optical depth.

Now that a clear relationship could be seen between re and
(
τ
τc

)
, the values of re were plotted against

optical depth to start extrapolating values for re(ztop) from effective radius measurements at different points.
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To do this, specific pixels were chosen one at a time and the effective radius and optical thickness data for

all three wavelengths was extracted for each pixel. Then the data was manipulated so that effective radius

could be plotted against the optical depth into the cloud relative to a specific wavelength. If it is assumed

that there is significant entrainment at the top of the cloud, then because of equation (7) it is justified to use

a linear line of best fit and use the intercept as the extrapolated value of re(ztop). However, if it is assumed

that the cloud is completely adiabatic with negligible entrainment, the fifth root of the intercept of the line

of best fit for a graph of re
5 should be used as the extrapolated value of re(ztop) because of equation (6).

This is shown in Figure 8.

Figure 8: Extrapolating values for re(ztop) using linear and non-linear relationships.

Although this analysis is justified by equations (6) and (7), comparison to actual re(ztop) or droplet radius

values is needed to investigate whether or not this is a valid method for calculating effective radius values at

the top of a cloud.
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Questions raised by the project

One of the first questions that arises from looking at this data is whether this relationship between re and

optical depth (relative to one wavelength) is similar for different cloud types and locations. It would be

interesting to look further into this since the retrievals from different wavelengths can essentially be looked at

as seeing into different depths of the cloud. This could maybe give insight into the microphysical properties

of different cloud types, or of the same cloud types at different locations. To this end, graphs were plotted of

effective radius difference against relative optical depth for a number of different cloud files (with and without

filtering, to see how much the filtering affects these relationships). These graphs are shown in Figures 9-14.

Figure 9: Scatter plot and 2D histogram of effective radius against relative optical depth off the coast of Africa.
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Figure 10: Scatter plot and 2D histogram of effective radius against relative optical depth off the coast of Peru.

Figure 11: Scatter plot and 2D histogram of effective radius against relative optical depth over region in the Atlantic ocean.
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Figure 12: Scatter plot and 2D histogram of effective radius against relative optical depth over region in the Pacific ocean.

Figure 13: Scatter plot and 2D histogram of effective radius against relative optical depth over land in Africa.
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Figure 14: Scatter plot and 2D histogram of effective radius against relative optical depth over land in South America.

These graphs show different levels of linearity and different gradients between effective radius and relative

optical depth. This shows (as would be expected) that even though there is a correlation between effective

radius and relative optical depth in different types of clouds, the properties (and possibly the location) of

the clouds affects the exact relationship between them. This might be interesting to explore further.

The other question regarding this project is to do with the inconsistent assumptions going into equation

(1). If the assumptions for calculating re and τc from satellite retrievals are really inconsistent with the

assumptions needed for equation (1) to be valid then this is a problem for calculating CDNC. However, other

publications [6] have acknowledged this problem but stated that using equation (1) is still valid suggesting

that there is a way of dealing with this problem. It may be interesting to investigate this further, perhaps

to increase the accuracy of the CDNC values calculated from equation (1).
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