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1 Aerosol Size

A complete description of an ensemble of particles would describe the com-
position and geometry of each particle. Such an approach for atmospheric
acrosols whose concentrations can be ~ 10,000 particles per cm? is imprac-
ticable in most cases. The simplest alternate approach is to use a statistical
description of the aerosol. This is assisted by the fact that small (less than
100 pm wm check mm ) liquid drops adopt a spherical shape so that for a
chemically homogeneous aerosol the problem becomes one of representing
the number distribution of particle radii. The size distribution can be repre-
sented in tabular form but it is usual to adopt an analytic functional. The
success of this approach hinges upon the selection of of an appropriate size
distribution function that approximates the actual distribution. There is no
a priori reason for assuming this can be done.

1.1 Size Distributions

The distribution of particle sizes can be represented by a differential radius
density distribution, n(r) which represents the number of particles with radii
between r and r 4 dr per unit volume, i.e.

N(r) = / T ) dr. (1)

Hence

nir) = S0 )

The total number of particles per unit volume, Ny, is then given by

Ny = /OOO n(r)dr. (3)

1.2 Normal Distribution
One particle distribution to consider adopting is the normal distribution

No 1 l_ﬁ—ﬂ(ﬂ

(4)

n(r) = — exp 52
0

V21 o9

where the mean, j, and the standard deviation, o, are defined

 Joorn(r)dr
N ) dr ®)
= ]\1[0/0 rn(r)dr (6)
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9 1

= 5 [ mn(dr @

1.3 Logarithmic Normal Distribution

The size of particles in an aerosol generally covers several orders of magni-
tude. As a result the normal distribution fit of measured particle sizes often
has a very large standard deviation. Another drawback of Normal distribu-
tion is that it allows negative radii. In fact aerosol distributions are much
better represented by a normal distribution of the logarithm of the particle
radii. Letting [ = In(r) we have

NI Ny 1 l_(l_ﬂ
202

l f— — T
nz( ) dl o o €xp

(8)

where the mean, p, and the standard deviation, o, of [ = In(r) are defined

2o (1) dl

S .

1 00
- /_OO In(1) di (10)
52 - L /°° (1 — p)?ny(0) di (11)
No /o :
Noting that
dl 1
- -z 12
dr r (12)
then in terms of radius rather than log radius we have
dN (r)
= 1
nr) = O3 (13)
dN(1) di
= ——— 14
dl dr (14)
dl
= l)— 15
n( >dr (15)
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Figure 1: Log-normal distribution with parameters Ny = 1, u = —1 and

o = 0.4 plotted in log space (top panel) and linear space (bottom panel).
Indicated are the distribution mode, median and mean in log and linear space
respectively.

Figure [I] shows the particle number density per unit log(radius) where
the distribution is Gaussian. Also shown in the figure is the particle number
density distribution plotted per unit radius. In performing the transform the
area (ie. total number of particles) is conserved and the median, mean or
mode in log space is the natural logarithm of the median radius, ry,, in linear
space.

It is possible to show the geometric mean, rg, of the radius is the same
as the median in linear space, i.e.

1

rg = (r1 X Ty X ... X1y (17)
=In(ry) = In(ry xrx...x rn)% (18)
_ In(ry) + In(rz) + ... + In(ry,) (19)

which has the continuous form
1

In(ry) = /O:olnl(l)dl (20)
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= 4 (21)
= In(ry) (22)
STy = Ty (23)

It is also common to express the spread of the distribution using the geo-
metric standard deviation, S. The geometric standard deviation is related
to the standard deviation of Inr by o = In(S). From this definition S must
be greater or equal to one otherwise the log-normal standard deviation is
negative mm see S&P for a little more on how many particles lie within
one geometric standard deviation mm . When S is one the distribution is
monodisperse. Typical aerosol distributions have S values of about 1.5.
The lognormal distribution appears in the atmospheric literature using
any of combination of r,, or 4 and o or S with perhaps the commonest being

Ny 1 1 (Inr —Inry,)?
") = ar sy &P l_ 21n2(S) 1
Be particularly careful about ¢ and S whose definitions are sometimes re-
versed!
It can also be shown that the mode of the distribution, ry, is related to
the median. Let

(24)

No 1 1 (Inr —Inry)? A
— = _ = B 2
n(r) V2rIn(S) r P [ 21n?(S) r exp[B] - (25)
Ny 1
where A = 2 In(S) (26)
(Inr —Inry)?
B = —5—F— 27
21n%(9) (27)
dB (Inr —Inry)
4 2= - 28
e (S)r (28)
then
dn(r) A A dB
= —Zep[Bl+texpB|Y 2
0 e8]+ L e (B (20)
A A (Inr —Inry)
= —Zexp[B] - £ oexp|B] L Tm)
r2 €xp [ ] 7,.2 eXp [ ] 1n2<S> (30)
Setting the left hand side to zero so r becomes 7
A A (Inry — Inry,)
— —~ exp[B] - exp|B |
0 T]%/[ eXp[ ] T]%/[ eXp[ ] 1H2<S) (3 )
(Inry — Inry)
-1 32
1112(5) ( )
Inry = Inry —In?(S) = In(r,) — o? (33)
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1.4 Properties of the Lognormal Distribution

The i-th moment of a distribution is defined as

m; = / r'n(r) dr, (34)
0
and for a lognormal distribution is given by
2 2
m; = Nyexp (iu + Z;) . (35)

Hence the mean radius, the surface area density and the volume density of
a lognormal distribution are given by

1 o
S dr, 36
mean N(]/O rn(r) dr (36)
1
= ﬁomh (37)
Ly, ( 41 2) (38)
= —Npex -
N(] 0€EXp | 20 )
1
= rmexp (202> : (39)
1
= I'yexp (2 In® S) : (40)
area = / 4rr?n(r) dr, (41)
0
= 47Tm2, (42)
= 4rNoexp (2 +207), (43)
= 4Nl exp (207), (44)
= 47 Nyr? exp (2 In? S) : (45)
and
oo 4 3
volume = / 37 n(r)dr, (46)
0
4
= gﬂ'mg, (47)
4
= —mwNpexp (3,u + 02> , (48)
4 9
= gﬁNorf’n exp (202) : (49)
4 9
= gﬂ'Ng?”fn exp (2 In® S) . (50)

>
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The effective radius (or area-weighted mean radius) of an aerosol distribution,
e, is defined as the ratio of the third moment of the drop size distribution

to the second moment, i.e.
m
re = — (51)

)
mo

ofo7“3 n(r)dr
0

= & (52)
[ r2n(r)dr
0
For a lognormal distribution this becomes
exp (3u + 202
re = (3:+ 50°) , (53)
exp (2u + %02)
5)
= exp (,u + 202> , (54)
S
= Tmexp (O’ ) ) (55)
2
)
= TmexXp (2 In S) : (56)
1.5 Gamma Distribution
The gamma distribution is given by Twomey (1977) as
n(r) = arexp(—br), (57)

where a and b are positive constants. The mode of the distribution occurs
where r = b~ and it falls off slowly on the small radius side and exponentially
on the large radius side. The i-th moment of the gamma distribution is given

by

m; = ab>"'T(2+1), (58)
ab™ 2 (1 44). (59)

If the constant a is used to denote the total number density then the nor-
malised distribution (see Figure [2]) can be expressed

n(r) = ab*rexp(—br), (60)
which has moments defined by

m; = ab™" (1+4)l. (61)
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Figure 2: Normalised gamma distribution.

1.6 Modified Gamma Distribution
The modified gamma distribution is given by Deirmendjian (1969) as
n(r) = ar®exp(=br’). (62)

The four constants a, «, b,y are positive and real and « is an integer. The

1
mode of the distribution occurs where r = (%) / and the moments of this
distribution ar

me = F(M) (63)
Y Y

Hence the integral of the modified gamma distribution is

/Ooon(r)dr = gb_aTHF <a+1>‘ (64)

Y Y

!See 3 -478/1 of Gradshteyn & Ryzhik (1994).
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Figure 3: Normalised modified gamma distribution (o = 2,b = 100,y = 2)
and gamma distribution (b = 10).

In order that the first parameter, a, is the total aerosol concentration it is
convenient to define the normalized modified gamma distribution (see Fig-
ure [3)) as

r®exp (—br7)

BT CD)

(65)

where a, a, b, v are positive and real but « is no longer constrained to be an
integer. The moments of this distribution are given by

(e

1.7 Inverse Modified Gamma Distribution

_i
m; = ab

(66)

The inverse modified gamma distribution is defined by Deepak (1982) as
n(r) = ar “exp (—br‘”) : (67)
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Figure 4: Normalised inverse modified gamma distribution (o« = 2,0 =

0.01,v = 2) and gamma distribution(b — 10).

The mode of the distribution occurs where r = (bg)_l/7 and it falls off

slowly on the large radius side and exponentially on the small radius side.
The moments are defined by

a—1—1 —_— 1 —1
m; = Sb r(O‘Z) (68)
v v

The normalized inverse modified gamma distribution can be defined
r=®exp (—br=7)

e a1
()

The moments of this distribution are given by

r a—1—1

M- (70)

(=5%)

n(r)

i
m; = aby
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1.8 Regularized Power Law

The regularized power law is defined by Deepak (1982) as

Ta—l

T Na
1+ ()]
where the positive constants a, b, o,y mainly effect the number density, the

mode radius, the positive gradient and the negative gradient respectively.
The mode radius is given by

n(r) = ab*? (71)

and the moments by

o abjf(l—i—i/a)F(v—l—i/a)
"= o) ' "

Hence the normalised distribution is

n(r) = aayb®?

10
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2 Modelling the Evolution of an Aerosol Size
Distribution

For retrieval purposes it is necessary to describe the evolution of an aerosol
size distribution. Consider the case where an aerosol size distribution is
described by three modes which are parametrized by a mode radius, ,,,; and
a spread, ;. We wish to alter the mixing ratios, yu;, of each of the modes to
achieve a given effective radius r.. How do we do this?

Firstly calculate the effective radius of each of the modes according to

5
Tei = Tm,i€XD (2 In? SZ) ) (75)
1 Tei/ €XP (g In? 51)
Ifre <reythenp=1| 0 | and rp, = T2
0 "m,3
0 Tm,l
Similarly if 7e > re3 then p=1| 0 | and r,, = T'm,2
1 Tei/ €Xp (% In? 53)

If re1 < 7e < 7e3 then gy and is estimated by linearly interpolating

between [0,1] as a function of r, i.e.
Te — T,
o= (76)

Te,3 — Tel

We now have two equations
H1+ fo+ s = (7[7)
[117, | €XP (% In’ 51) + T, 5 €Xp (% In* SQ) + pard, g exp (% In? 53)
[A 75, 1 €XP (2 In? Sl> + p1o72, 5 €XP (2 In? Sg) + p3r2, 3 €Xp (2 In? Sg)

= (78)

and two unknowns i.e. puo and pz. The second equation is simplified by
substitution i.e.
Apn + Bz + Cug
Dpy + Epo + Fus

= (79)

and the two equations solved to give

_ reE—B—pm(A—-B+r.(E—-D))
He = C—B+r(E—F) (80)
el —C —p(A—C+r.(F —D))

B—C+r.(F—E)

M3

11



Some Useful Formulae for Aerosol Size Distributions and Optical Properties

3 Optical Properties

3.1 Volume Absorption, Scattering and Extinction Co-
efficients

The volume absorption coefficient, 52”(\,r), the volume scattering coeffi-
cient, §5*(\,r), and the volume extinction coefficient, 5°**(\,r), represent
the energy removed from a beam per unit distance by absorption, scattering,
and by both absorption and scattering. For a monodisperse aerosol they are
calculated from

B (N ) = o\, 7)N(r) = 7r2Q*s(\, r)N(r),
monodisperse only (N, 1) = o5\, r)N(r) = mr2Q**(\, 7) N (r|{82)
BN, ) = o™ (A, 7)N(r) = 7r2Q=t(\,r)N(r),

where N (r) is the number of particles per unit volume at some radius, . The
absorption cross section, o®**(\,r), the scattering cross section, o®™*(\, r),
and the extinction cross section, c®*(\, ), are determined from the extinc-
tion efficiency factor, Q™*(\,r), extinction efficiency factor, Q®*(\,r), ex-
tinction efficiency factor, Q®*(\, r), respectively.

For a collection of particles, the volume coefficients are given by

gbs(\) = /OOOWTQQabS()\7T)n(7’)d7’, (83)
A = /OOOWTQQSCH()\,T)n(T)dT, (84)
BN = /OOOWTQQeXt()\,T)n(r)dr, (85)

where n(r) represents the number of particles with radii between r and r+dr
per unit volume. It is also useful to define the these quantities per particle
i.e.

G\ = 5:;?) = [ ar (36)
Fay) = 55;;8) = [Tty ar (87)
7)) = 5BXN§A) = [ o=nir)ar, (88)

where 52"5()\), 352(\) and 7°*()\) are the mean absorption cross section, the
mean scattering cross section and the mean extinction cross section respec-
tively.

12
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3.2 Back Scatter

mm to be done mm

3.3 Phase Function

The phase function represents the redistribution of the scattered energy.
For a collection of particles, the phase function is given by

P(\6) = /0 T2\, ) PO 7, )n(r) dr. (89)

1
ﬁsca
3.4 Single Scatter Albedo

The single scatter albedo is the ratio of the energy scattered from a particle
to that intercepted by the particle. Hence
6sca(/\)

“O) = Gy (90)

3.5 Asymmetry Parameter

The asymmetry parameter is the average cosine of the scattering angle,
weighted by the intensity of the scattered light as a function of angle. It
has the value 1 for perfect forward scattering, 0 for isotropic scattering and
-1 for perfect backscatter.

g = leca/OOOWT2Qsca()\,r)g(/\,T)n(T) dr (91)

3.6 Integration

The integration of an optical properties over size is usually reduced from
the interval r = [0,00] to r = [r,r,] as n(r) — 0 as r — 0 and r — oc.
Numerically an integral over particle size becomes

/T Frn(r) dr = ilw £(r:) (92)

where w; are the weights at discrete values of radius, r;.
For a log normal size distribution the integrals are

2
B(N) = ]ZO\/Z / QA ) exp [—; (1“7”_01”‘“) ] dr (93)

13
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Babs(/\)
B (A)

P(\,0)

where

Inr —Inr,\>
AN A ext )\ 1 . =
\/7211)7"62 r)exp[ 2( - )]
Z wz{QeXt(Aa ri)
i=1
S wQ™(r)
i=1

Zwé@sm(}\, )
i—1

2
No 1 /T rQ**(\, 1) P(\, 7, 0) exp [_ (hl?“—alnrm> ] dr

Vo Bsca
No
ﬁsca

Zw Q> (N, ri) P(\, 1, 0)

Bsca

NO v 1 S sca 1 lnr_lnrm 2

Vim0 “’”g“’”exr’[ () ] 0

NO - 1 lnri—lnrm 2

— Q5N ) g(\ 7 nr; —nry
ﬁscazwrQ ;i) 9( T)exp[ 2< ~ )]

550& Zw Q> (N, ri)g(A, ;)

NO\/F 1 (Inr;, —Inry, ?
7 57’2 exp [—2 (0_) w; (94)

3.7 Formulae for Practical Use

As part of the retrieval process it is helpful to have analytic expression for the
partial derivatives of S (Equation [03]) with respect to the size distribution
parameters (Ny, Ty, 0).

a Bext
0Ny

a Bext

1f / T QU 1) exp [_W] dr, (95)

Oorm

rma?’\/»/ (In7r — Inry ) rQ™* (A, r) exp [ (nr = lnrm) ] dr, (96)

14
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ext _ 2
op _ \/>/ QU (A, 7 eXpl (Inr —Inry) 1 dr
do 202

NO\/>/ (Inr — lnrm O, T)expl (Inr — lnrm) ] ar.

_ No\/7/ llnr lnrm) —1]7‘@6’“(/\ r)expl (lnr;(jlnrm)j i

(97)

To linearise the retrieval it is better to retrieve T' (= In Ny) rather than Nj.
In addition to limit the values of r,, and ¢ to positive quantities it is better to
retrieve I, (=Inry,) and G (=1no). In terms of these new variables volume
extinction coefficient for a log normal size distribution is

ext — expT\/7/ 2l ext l )\ (l l ) dl
p exp G @ ) exp C2exp(2G)| (98)
The partial derivatives of the transformed parameters (Equation 0F) are
0™t expT \f 2 ext (I =tm)*

or  expG / QLA exp 2e exp(2Q) d, (99)

ot expT 2 ext (l —Iw)?
= \J = (1=l LN dl, 1
Olm exp(3G) / @ ) exp 2exp(2G (100)

ot _ eXpT 2 e (l

oG exp(@ \/>/ Q™LA expl 2e p(2G)] di

eXpT l —lm 2l ext ( )2

expG[/m exp( 2G @A) exp [ xp(2 G)] al,
(-

_expT (l—1In ox m)?
-~ exp(G \/7/ [exp 2G) ] 'Q @ /\)expl

—1
~r G)] dl.
(101)

15
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3.8 Cloud Liquid Water Path

The mass [ of liquid per unit area in a cloud with a homogeneous size distri-
bution is given by

4
[ = ,0/ gm’?’n(r) dr X z (102)
0
where p is the density of the cloud material (water or ice) and z is the vertical

distance through the cloud. The liquid water path is usually expressed as
gm~2. Note that

o= Bz (103)
SO
Ooé 3 d
e el (104
_ 4 Sor3n(r)dr (105)

gﬁprooo 7r2Q=t (N, r)n(r) dr’

For drops large with respect to wavelength we assume Q®**(\,r) = 2. Hence

4 [ rin(r)dr
| = —pride——F~— 106
6p7—f0°° r2n(r) dr (106)

2
= gPTTe (107)
So for a water cloud (p =1 g cm™3) of 7 =10, r, = 15 um we get
2

I = 3 X 1x10 x 15 g ecm™3um (108)
= 100 gm~? (109)

For an ice cloud (-45 °C) p = 0.920 g cm 3.

3.9 Aerosol Mass

Consider the measurement of optical depth and effective radius made by a
imaging instrument. How can this be related to the mass of aerosol present
in the atmosphere? Consider a volume observed by the instrument whose
area is A. If p is the density of the aerosol and Z is the height of this volume
then the total mass of aerosol, M, in the box is given by

M = pxNxvxAxZ (110)

16
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where N is the number of particles per unit volume and v is the average
volume of each particle. If we divide both sides by A we obtain the mass per
unit area m, i.e.

m = pxNxvxZ (111)

This formula can re-expressed in terms of more familiar optical measurements
of the volume. First note that the optical depth is related to the 3¢ by

T = B™xZ (112)
so that
N
— pXNXVUXT (113)
ﬁext

For a given size distribution n(r) the average volume of each particle is

_ Ooo ng‘;n(?“) dr (114)

so that the mass per unit area is given by

- 5ext / —mrin(r (115)
The important thing to note here is that N disappears explicitly from the
equation.

If the aerosol size distribution is log-normal with number density N,
mode radius 7, and spread o then the integral can be completed analytically
ie.

pT 4

9 5
m = ﬁextgﬂNor exp (2 ) (116)

17
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Substance  Density (g cm™3) Reference

Volcanic ash ~ 2.424+0.79 Bayhurst, Wohletz & Mason (1994)
m fill out! mm

Table 1: Density of some materials that form aerosols.

3

Typically p is in gem™3, Ny is in em™3, 7, is in pm, and 8% is in km~! so

that the units of m are

g 1 3

cn® cog A g 1 18 3103 or _ 10-3 )
kl = 10*6m310*6m310 m°10°m=10""gm~* (117)
m

Table [ list the density of some aerosol components.
If the effective radius, re, is known rather than r, then we can use the
relationship between 7, andr,,

Te = TmeXp 602), (118)

as well as the average extinction cross section 7% defined

a_ext ﬁeXt ()\>

= 119
NO (119)
to get
4 15 9 4
m = ;e; gm"g exp (—202> exp <202) = ;e; gﬁrg exp (—302) (120)

For a multi-mode lognormal distribution where the i model is parameterised
by N;,r;,0; and density p; we have
TXpXN XV

m = o (121)

T Z?:l pilN;v;

n . ~ext
i=1 Vi0;

(122)

where 6¢** is the extinction cross section per particle for the i*" mode. Re-

member the volume per particle for the i*"mode is

4 9
v, = gﬁr?exp (201»2> (123)

18
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Hence

Yy piNigmrd exp (gaf)
7 n ~Fext
i=1 Ni0;
4 Yy piNird exp (307)
3

s ST NG (125)
i=11Vi0;

(124)

19
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