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Abstract

A summary of calculations and assumptions used
to derive expressions for cloud droplet number con-
centration (CDNC) and cloud physical thickness.

1 Definitions

Consider a cloud that extendd'] from a height z = 0
to H containing droplets that conform to a size
distribution n(r, z). The CDNC is defined as,

Ny(z) = /OOO n(r, z)dr. (1)

Based on in situ observations, this is assumed to be
constant with height (neglecting the small regions
of deviation near the edges of the cloud).

Satellite remote sensing determines the optical
thickness of the cloud,

H
Te = / ﬁewt(z) dZ, (2)
0

where the extinction of the droplets is,
Bext(2) = / Qe (T)n(r)mridr
0

WQ/O ren(r)dr
mQ(r?)

()

where (e, is the extinction efficiency of droplets,
which has been assumed to have constant value

1For simplicity, we will assume there is negligible scatter-
ing outside of the cloud.

@ = 2 because r > A\ (the wavelength of obser-
vation), and we introduced the notation,

= " ) dr.

Satellite remote sensing also determines the ef-
fective radius of the cloud,

re = (r%)/(r?).

Also relevant are the volume mean radius,

ro = v/ (r%)/Na,

and liquid water content,

I(2) = 4mpu (r®),

where p,, is the density of water.

(6)

(7)

(®)

9)

2 Lapse rates

2.1 Dry air

The first law of thermodynamics states that,

dQ = C,dT + pdV, (10)

where () is the parcel’s internal energy, C, is its
heat capacity at constant volume, T is tempera-
ture, p is pressure, and V' is volume. An adiabatic
change of the parcel is one that conserves the in-
ternal energy such that,

CpdT = —pdV. (11)
Differentiating the ideal gas law,
pdV +Vdp= MR, dT (12)
Vdp = (MR, + C,)dT (13)
= CpdT (14)



where R, is the specific gas constant of dry air,
M is the mass of the parcel, and C, is the heat
capacity at constant pressure.

For an atmosphere in hydrostatic balance, the
dry adiabatic lapse rate is then,

T dT dp
Tdz dpdz (15)
V
Ty=——(— 1
d Cp( rg) (16)
g
= — ]_
o’ (17)

where p is the density of air, g is gravitational accel-
eration, and the switch to a lower-case ¢ indicates
specific heat capacity.

2.2 Moist air

The saturation vapour pressure of water, es, can
be calculated from the Clausius-Clapeyron equa-
tion, but several approximations have been pro-
posed. Ed Gryspeerdt (personal communication,
2022) used the formulation of the Magnus equation
proposed in |Alduchov and Eskridge| (1995]),

17.625T
L(T) = 610. 2P N py (1
es(T) 6097exp<T+243.04) a (18)

where T is in Celsius. In the same units, the latent
heat of vaporization can be written,
L(T) = (2501 + 1.86T) kJ kg ™" (19)
However, that paper describes as the “sat-
uration vapor pressure of pure water vapor over a
plane surface of water”. For “moist air above a
plane surface of water”, which sounds more appro-
priate to our circumstances, they recommend the
adjustment,

esa(T,p) = 1.00071 exp (4.5 x 10~°p) es(T). (20)

The curved surface of the droplets also affects the
vapour pressure according to Kelvin’s equation,

eoe(T,7) = e4(T) exp <nL2];Tr> T

where ¢ ~ 0.0756 Jm~2 is the surface tension of
water and ny is the number of moles of liquid

present. This is not yet included in the remainder
of this proof.

Other approximations for ey are available that
may be more accurate for boundary layer clouds,
as |Alduchov and Eskridge (1995) concentrated on
finding a forumla accurate over [—40, 50°C].

For a parcel saturated with water vapour, we ap-
proximate the equation of state as,

(p—es)V =MR,T, (22)

and make the pseudo-adiabatic approximation that
the only change in internal energy is due to latent
heat,

dQ = —LMdu,, (23)

where the saturation mass mixing ratio of water is,
ees(T)

s = —————— 24

s P —é€s (T) ( )

where € ~ 0.622 is the ratio of the molecular masses
of water vapour and moist air.
Differentiating the log of that,

dps p des dp

- - (25)
Hs D —€s €5 P —€s
p LAT gdz

= 26

p—esRUTQJrRaT’ (26)

having substituted the first term on the RHS for
the Clausius-Clapeyron equation (assuming vapour
is substantially more voluminous than liquid) and
the second term for hydrostatic balance of dry air.
Note that R, = R,/e is the specific gas constant
for water vapour.

Substituting , and into for a

hydrostatic atmosphere,

0 = ¢pdT + gdz + Ldpus (27)

p  LPus Lps
= _— dT 1 d
(Cerp—eSRUTQ) +g< JrRaT 1

(28)
Hence, the moist adiabatic lapse rate is,
aT 1+ £t

_g =9 pRajl-"Zﬂs (29)

O+ e BT

Leeg
I,=T4]1 30
d|: +RaT(p—€3):| ( )

L2e2pe, -1
[ e e
CPRaT (p - es)



2.3 Vertical gradient of vapour
Dividing by dz,

dus dT
= 2
L=ty (32)
dps  ¢p
- =FTy-T,,).

3 CDNC

3.1 k-ratio

Assume that, within stratocumulus clouds, the ra-
tio of r. to r, is approximately constant such that,

(-4

Nd’l“g
(r®) = kNgr3.

(34)
(35)

This assumptions follows from the cloud droplets
conforming to a gamma distribution n(r) =
Nor(t=8ve)/ve oxp(—r/r.v,), for which k = (1 —
ve)(1 — 2v.) where v, is the effective variance of
the distribution. |Grosvenor et al. (2018]) (here-
after G18) mentions values between 0.67 and 0.88
are used, though the ratio has been observed to
vary with height in a manner inconsistent with the
simple deposition process expected. MODIS and
ORAC assume that v, = 0.111 such that & = 0.692.

3.2 Sub-adiabatic lift

We then assume that the liquid water content is
some constant fraction f,; of its adiabatic value,
(36)

I(z) = %wpw<r3> = farCuw?,

where ¢, is the gradient of water mixing ratio with
height.

G18 states that f,;, varies between 0.1 and 0.9,
with adiabaticity suppressed by entrainment and
precipitation. The value has been explored in situ
and by systematic radar studies. It is widely as-
sumed that f,; = 0.66 or 0.67.

The condensation rate is derived from ,

dps
o = — s :CP(P

dz

)(Fd—F )

LR, T (37)

G18 asserts that ignoring the vertical variations
in ¢, produce errors of a few percent and, interest-
ingly, implies that errors from using atmospheric

pressure from reanalysis to represent that variation
are larger than that.

3.3 Integration

Combining ([35)) and ( .,

_ AmpykNg 5
STt (38)
Combining (@), (5), and (53),
H
Q[ (39)
2
o/ Gon
:ﬂQ/ ENgr? dz. (41)
0

Changing the variable of integration to r. and not-
ing that we have assumed everything other than it
is constant through the depth of the cloud,

—WQ/ kN 12 2 4mpuwkNa r2 dr, (42)
fab Cuw
k2N247%p, r2(H) — 1
— Q 43TpP e( ) Te(o) (43)
fabcw 5
21.2\72 5
_ Am°k*N7Qpwre (44)
5fabcw

where we have assumed that r.(0) < r.(H) and

dropped its dependence on H as the satellite only

provides effective radius near cloud top.
Rearranging,

1 5fawaTc

I U —— 4
27Tk Qea:tpwrg ( 5)

4=

Quaas et al.[(2006) implements this, citing |Bren-
guier et al.| (2000)), as

0.5,.—2.5

Ng = a7, °r, 2, (46)

where « follows from evaluating at 850 hPa
and 280 K with f,, =1,

17.625 x 6.
e5(280) :610.94exp[ 7.625 x 685]

6.85 + 243.04
= 990.4 Pa



9.81
1.004 x 103
9.771 x 1073 Km™!

Ty=

I, (280, 85000) = 9.771 x 10™3x

2.501 x 108 x 0.622 x 990.4
287.04 x 280 x 84010

L (2501 x 106 x 0.622 >
280 x 84010

8.5 x 10° x 990.4 }

1.004 x 103 x 287.04
=5269 x 1073 Km™!

1.004 x 103 x 84010
(280, 85000) =
¢ (280, 85000) = 50— 706 x 987,04 x 280
x (9.771 — 5.269) x 1073

=1.889 x 10 % kgm™*

|/

00(280, 85000) =

1 \/5 x 1 x 1.889 x 106
271 x 0.80 2 x 103
=1.367 x 107> m~1/2,

3.4 Temperature dependence

Gryspeerdt et al| (2016) adds a temperature-
dependent correction such that,

a(T) = (0.0192T — 4.293) ay. (47)

Personal communication with Ed revealed that it

was calculated by assuming that, as temperature

decreases, the saturation vapour pressure drops and

the residual vapour condenses into droplets with

gradient,
~ fab des dr
)= R T ar @

(48)

but the value of k& was mistakenlyﬂ used for fgp.
The derivative of e; was calculated by finite differ-
ence and he used an approximate expression for I,
whereby L(T) is constant and in one assumes
es < p. The final values were found using a linear
fit to ¢, in the range [270,300] in 1K steps.

2Though 0.8 is a plausible value for fu; is isn’t the most
common.

Alternatively, a linearisation of « may also be
obtained via a Taylor expansion,

do
a(T,p) ~ a(Ty, po) + (T — Tp) a7
T=To,po
da
Fo-p0) | e (49)
D To,p=po

(45) can be written as,

2 _ 5fabg6 E es(p - es)
d 47T2k2Qextpra 7‘2 T
eLp — (p—es)e, T
Rucy(p —es)?T? + €2 L?pes’

(50)

The total derivative of the log of that is,

2de _ar (1 cp(p—es) | 2Racp(p— es)?T
N, T Do D;
(1 1 c,T
de, | — — il
e = p—é€s DO
2R, cp(p —es)T? — eQLQp}
+
D,
[ep  2€?Lpe,
dL | — —
D, T T o ]
[ 1 el —c,T
d D
* P LD — €s * DO
3 2R, cp(p — es)T? + €2 L2e;
D, ’

(51)

where Dy = eLp — (p — es)cp T, D1 = Racp(p —
es)?T? + €2 L%pe, and

des
dT

BCe,
- (T —273.15+C)%’ (52)

where B, C are the constants in the numerator and
denominator of 7 respectively.

For the same assumptions as (A7), namely fq, =
1 and g—% = 0, linearising the above around 275 K
and 850 hPa gives,

a(T) = (0.0145T + 2.817 x 10~ %p — 3.2314)

x 1.282 x 10°m~ /2. (53)

This confirms the frequent assertion that « varies
weakly with pressure.



Using fq» = 0.66, k = 0.692, and

OéORAC(T) = (0.0145T — 3.001)

x 1.205 x 107°m~ /2. (54)

3.5 Thickness

The physical thickness of the cloud can be derived
by using [(H) to replace TkNg in ([44)),

_ 4prr£ (3fabcwH>2 (55)
¢ 5fabcw 4pw7"§

H2

_ 9Qfabcw (56)
20pyTe

200 TeTe
H=\—7—. 57
ngawa ( )

This is (4) of [Meerkotter and Zinner| (2007)), with

Qemt =2 and fab =1
Alternatively, one can find the liquid water path,

H
LWP = I(2)d 58
A (2) dz (58)
H
= fapcwz dz (59)
0
=L fuc, H? (60)
[2L WP
i= fabcw ' (61)

Comparing the two expression, we arrive at the
sub-adiabatic expression for liquid water path,

10
LWP = @pwnre.
If r. is instead assumed to be constant with
height, the homogenous expression for liquid wa-
ter path is recovered,

(62)

H 4 4
ILWP = / — puwTePert A2 = —=puTere.  (63)
0o 3Q

3Q
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