
Retrieving the real refractive index of
mono- and polydisperse colloids from

reflectance near the critical angle

Benjamin E. Reed,1,* Roy G. Grainger,2 Daniel M. Peters,3 and
Andrew J. A. Smith4

1Atmospheric, Oceanic and Planetary Physics, University of Oxford
Clarendon Laboratory, Parks Road, Oxford, OX1 3PU, UK

2COMET, Atmospheric, Oceanic and Planetary Physics, University of Oxford
Clarendon Laboratory, Parks Road, Oxford, OX1 3PU, UK

3now at Rutherford Appleton Laboratory, Didcot, UK
4National Centre for Earth Observation. Atmospheric, Oceanic and Planetary Physics,

University of Oxford, Clarendon Laboratory, Parks Road, Oxford, OX1 3PU, UK
*benjamin.reed@physics.ox.ac.uk

Abstract: We investigate the accuracy in retrieving the real refractive
index of submicron aerosol particles, at a visible wavelength, from near
critical angle reflectance measurements of a dilute suspension of the
aerosol. A coherent scattering model (CSM) is used to model the coherent
reflectance from the colloidal suspension. We use an extension of the
model for polydisperse particles to properly account for the modified size
distribution close to the incident medium to colloid interface. We perform
a rigorous sensitivity analysis, for both the monodisperse and polydisperse
models, to determine how experimental uncertainties propagate into uncer-
tainty in the retrieval of real refractive index. The effect of non-spherical
scattering was included in the sensitivity analysis by using T -matrix
methods. Experimental reflectance data, at a wavelength of 635 nm, were
obtained for monodisperse spherical latex particles, a polydisperse sand
sample and a polydisperse volcanic ash sample. We show that the retrieved
real refractive index for these particles is consistent with values obtained
using other techniques.
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1. Introduction

Measurements of aerosol optical properties are of importance in atmospheric physics because
atmospheric aerosols affect the planet’s radiative field by scattering and absorbing solar radi-
ation and terrestrial infrared radiation. The interaction of radiation with an aerosol, and the
resulting scattering and absorption, is determined by the properties of the aerosol; namely the
particle size distribution, shape and complex refractive index. Information about aerosol opti-
cal properties is therefore highly relevant for calculations of aerosol radiative forcing needed to
predict future climate change [1]. A priori information about aerosol optical properties is also
needed to fully utilise satellite observations, to retrieve properties such as aerosol optical depth
or the columnar concentration of particles [2].

With the Eyjafjallajökull volcanic eruptions of 2010 costing the aviation industry an esti-
mated $1.7 billion worldwide [3], there is an increasing demand for rapid ash detection and ac-
curate retrieval of ash columnar concentration from satellites, to determine whether airspace is
safe for commercial aeroplanes (currently flights are only permitted for ash concentrations less
than 2× 10−3 g cm−3; CAA 2010). Volcanic ash in the stratosphere and troposphere can lead
to significant climate perturbations by interacting with solar and infrared radiation as a func-
tion of the ash’s optical properties, as well as indirectly in the troposphere by acting as cloud
condensation nuclei [4]. Additionally there are potential health risks: although high levels of
respirable ash (< 5 μm radius) are not known to have serious long term health implications [5],
acute respiratory problems are typically reported with ash fallout [6].

For accurate remote sensing of volcanic ash a priori information is needed about the complex
refractive index of the ash particles, mp = np + ikp. Measurements of volcanic ash refractive
indices are limited. Krotkov et al. [7] established the complex refractive index of Mt Spurr,
Alaska, volcanic ash at three ultraviolet wavelengths. Papers by Patterson et al. [8] gave the
spectral imaginary refractive index of ash from eruptions of Mt Spurr, Alaska (in the spectral
range 0.3–0.7 μm), Mayon (1–16 μm) and El Chichón (0.3–0.7 μm) [8–10]. There are slightly
more published data on refractive indices of volcanic materials, such as basalt and andesite
[11,12], pumice [13], obsidian [11], and granite [14]. These data show large variation in spectral
refractive index between different volcanic rock and ash types [15], and this is reflected in the
variability in spectral signatures measured by satellites for different volcanic eruptions [16,17].
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This variability necessitates more complete measurements of volcanic ash complex refractive
indices from a wide range of volcanic eruptions.

Recently progress has been made by Grainger et al. [15] who retrieved the complex refractive
index of ash, in the spectral range 1–20 μm, from the Mt Aso, Japan, eruption of 1993. The
retrieval technique, outlined in [18] Thomas et al., used to obtain the spectral complex refractive
index from transmission cell measurements of the suspended ash requires a priori knowledge
of the shortwave real refractive index of the ash. This, in part, motivates the development of the
technique, presented in this paper, which enables determination of the real refractive index in
the visible of submicron polydisperse aerosol samples. The real refractive index in the visible
of any aerosol is also useful independently, in order to determine how the aerosol scatters solar
radiation in the atmosphere.

The Becke line test [19] is a well established technique involving the use of an optical mi-
croscope to determine the relative real refractive index of two materials. The method has been
widely used to determine the real refractive index in the visible of volcanic rock, e.g. [20] Kit-
tleman et al. and glass dominated volcanic ash, e.g. [21] Keller et al. Recently the method was
extended to allow determination of the imaginary refractive index of volcanic ash samples: the
paper [22] presents results of the complex refractive index at three different wavelengths in the
visible for a range of volcanic ashes from different eruptions. However, microscopic techniques
are limited by the resolving power of the microscope and can typically only be applied to par-
ticles with a diameter > 1 μm. The advantage of the technique outlined here is its sensitivity
to submicron particles. Submicron ash particles have longer atmospheric lifetimes and were
shown, for example, to dominate (by number) the size distribution of the ash cloud from the
May 2010 Eyjafjallajökull eruption [23].

Good accuracy in retrieving the real refractive index of powders has been achieved using
transmission measurements with the immersion liquid method [24, 25] and can be applied to
submicron particles. However, a disadvantage of this method is that it requires many repeat
experiments in multiple immersion liquids, which may be difficult when only a very small
quantity of a unique sample is available. An advantage of the method we present is it has the
ability to retrieve information about the size distribution in addition to the real refractive index
of the sample.

This paper outlines a technique for retrieving the real refractive index of monodisperse and
polydisperse submicron particles from angular reflectance measurements, close to the critical
angle, of a colloidal suspension of particles. In order to model the reflectivity from such a
system we use an extended effective medium approach called the coherent scattering model
(CSM) developed by Barrera and Garcı́a-Valenzuela [26] and summarised further in [27], Reyes
et al. Wave-scattering theory is used in [26] to calculate the coherent reflection from a half-
space of scatterers and it is shown that the derived reflectivity is consistent with continuum
electrodynamics, providing the effective medium possesses both an effective dielectric response
εeff and an effective magnetic susceptibility μeff. The electrodynamic response of colloids has
been shown to be nonlocal in nature [28]; the derived effective responses presented in [26]
depend on the angle of the incident wavevector. The model has been shown to be consistent
with experimental reflectance data [29], in an experimental set-up very similar to the one we
use. Experiments have also been performed, using similar theories, with a focus on determining
the size of particles [30–32].

The apparatus and experimental method are presented in section 2. A summary of the theory
is presented in section 3. An extension of the model for polydisperse particles, along similar
lines to that by Garcı́a-Valenzuela et al. [33], is presented to properly account for the mod-
ified size distribution close to the medium-to-colloid interface, which occurs as a result of a
higher relative density of smaller particles close to the interface. In section 4, the results of
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a sensitivity analysis of the forward model for the monodisperse and polydisperse cases are
presented, determining how experimental uncertainties propagate into uncertainty associated
with the retrieval of real refractive index. The effect of non-spherical scattering was included
in the sensitivity analysis by using T -matrix methods [34]. Section 5 presents the retrieval re-
sults performed on experimental reflectance data obtained for a monodisperse suspension of
polystyrene latex spheres, a polydisperse sand sample and a polydisperse volcanic ash sample.
Concluding remarks are made in section 6.

2. The experimental apparatus and methods

2.1. Overview of the apparatus

dete
cto

r

θi

samplecover slip

BK7 glass optic

AlGaInP

635 nm

normal

polariser

Fig. 1. Schematic of the experimental setup. The 635 nm incident beam from the AlGaInP
laser diode enters the optic at normal incidence. It is then reflected at the back surface of
the optic at the interface with the sample medium, before exiting the optic and travelling to
the detector.

The apparatus is designed to measure the reflectance as a function of incidence angle, θi, about
an interface between an incident medium and a colloid. The experimental setup is illustrated
in Fig. 1. An AlGaInP laser diode produces a collimated beam of light (λ0 = 635 nm) which
enters a semicircular BK7 glass optic at normal incidence to the curved surface. The refractive
index of the glass optic is n = 1.515 at the laser wavelength. The beam is then incident on the
back surface of the optic at the interface with the sample medium. The coherent component of
the reflected beam exits the optic in the specular direction at normal incidence to the curved
surface, and travels to a silicon photodetector.

The laser diode and detector are mounted on the arms of a goniometer driven by a stepper
motor, and can rotate fully about the optic. The centre of rotation of the arms is aligned with
the centre of curvature of the optic, ensuring the beam enters and exits the optic at normal
incidence to the curved surface. The setup allows capture of reflectance for a full range of
incidence angles (0◦ ≤ θi ≤ 90◦) with a minimum angular interval, determined by the stepper
motor, of Δθi = 0.3◦.

The angular positions of the laser and detector arms of the goniometer were controlled by a
microcontroller, allowing an automated scanning routine to be pre-programmed. For a typical
reflectance scan, the laser and detector were rotated in synchronisation, such that the detector
remained aligned along the specular direction as θi varied.

In all of the reflectance scans performed, a polarising filter was placed in front of the detector
and aligned such that the only light reaching the detector was the component with the E-field
perpendicularly polarised (⊥) with respect to the plane of incidence (the plane of incidence is
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the plane containing the incident wavevector and the vector normal to the reflecting surface).
The incident laser beam was unpolarised.

Before tests were performed on colloidal samples, the accuracy of the apparatus was tested by
performing reflectance scans on distilled water (the refractive index of which is known to high
accuracy). The goniometer allows the incidence angle, θi, to be measured with an uncertainty of
0.1◦. The uncertainty in the laser power over the duration of a typical reflectance scan was found
to be approximately 1%. The reflectance data recorded for distilled water was used (employing
Fresnel reflectance theory) to accurately obtain its refractive index to within 0.1%, in agreement
with error propagation estimates.

Tests were performed on three aerosol types: spherical polystyrene test particles, a commer-
cial sand sample and a volcanic ash sample. The correct preparation of samples was crucial to
obtain reliable reflectance data. Proper dispersal of the aerosol particles in the suspension liquid
was required. In all cases ultrasonic vibration was used immediately before reflectance scans
were performed in order to evenly disperse the sample in the suspension liquid. In addition,
an ultrasonic vibrator was attached to the optic and used throughout scans to maintain uniform
dispersal.

2.2. Method: Monodisperse polystyrene latex test particles

Reflectance measurements were performed on colloids containing polystyrene latex spherical
beads produced by Sigma-Aldrich UK. The sample supplied by the manufacturer was quoted
to contain a fraction of 10.0± 0.5 % w/w latex to water and between 0.3 to 1.5% of a soluble
polymer dispersant (used to stabilise the particles against flocculation and agglomeration). The
sample was manufactured to be monodisperse, with a quoted particle radius of a = 260 nm and
a quoted coefficient of variation in size of ≤ 3%.

Diluted samples were produced by adding a measured mass of distilled water to a measured
quantity of the 10.0± 0.5 % w/w sample. Scales accurate to 0.0001g were used for sample
preparation, with a typical diluted sample having a mass of ∼ 1 g. It was therefore possible to
determine the volume filling fraction of the diluted samples (the volume filling fraction of a
particular constituent in a mixture is defined as the ratio of the volume of the constituent to the
total volume of the mixture) to within ±5 % resulting from the uncertainty associated with the
undiluted sample’s mass fraction.

The undiluted sample was placed in an ultrasonic bath for 15 seconds before dilutions were
made, to ensure proper dispersal of the polystyrene beads. It was found that the diluted sam-
ples required a longer period of 3 minutes in the ultrasonic bath to ensure proper dispersal
(determined by eye) possibly due to a reduction in the concentration of the soluble polymer
dispersant.

Reflectance scans were performed on polystyrene latex sphere suspensions in distilled water
at five different volume filling fractions up to a maximum value of f = 10.3 %.

2.3. Method: polydisperse sand sample

A commercial sand sample was used to test the application to a polydisperse sample with an
expected uniform composition with particle size. The results of a sensitivity analysis, shown in
section 4, performed on the polydisperse CSM assuming a lognormal distribution indicate that
uncertainty in the retrieval of refractive index has a minimum for a size parameter of approxi-
mately 1.9, and the uncertainty increases with increasing size parameter. For a laser wavelength
of 635 nm, a size parameter of 1.9 corresponds to a modal radius of approximately 190 nm. It is
therefore necessary, for a typical sand or volcanic ash sample, to separate the fine fraction from
the bulk. A sedimentation process was applied for this purpose.

In preparation of the sample used for reflectance scans, approximately 100 grams of the orig-
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inal sand sample was dispersed in the 900 ml of distilled water, and left to settle for 24 hours.
After this period, with only a fine fraction of sand particles remaining in suspension, the sus-
pension was drawn off from the sedimented fallout. This suspension of fine sand was then
condensed down by gentle heating such that water was lost by evaporation.

It was then necessary to condense down the sample to the extent that the volume filling
fraction of the sand was sufficiently high so as to produce a significant reflectance signal (i.e. a
reflectance curve differing sufficiently from that of distilled water, due to the scattering effect
of sand particles). An iterative process was adopted: A reflectance scan was performed using
approximately 3 ml of the sample and the reflectance curve was plotted and compared to the
reflectance curve of distilled water; then depending on the strength of the signal, the sample
was further condensed. This process was repeated until the reflectance signal was judged to be
sufficiently high so as to give an accurate retrieval.

Once the reflectance signal was sufficiently high (and the retrieval performed on the data
indicated a volume filling fraction > 3 %) repeated scans were performed whilst incrementally
increasing the concentration of particles to give a range of volume filling fractions.

2.4. Method: polydisperse ash sample

A commercially purchased sample of fine Icelandic volcanic ash, of unverified origin, was
used to verify the technique. The method adopted for the ash sample was similar to that used
for the sand sample. The exception being that the bulk mass of the ash sample available for
experiments was considerably less. The same ratio of distilled water to bulk sample was used
for the sedimentation process, using a mass of 20 grams of ash. Two samples were produced
in this way; one was allowed to settle for 12 hours (sample A) whilst the period for the second
was 24 hours (sample B).

A similar process, as outlined in section 2.3, was applied to condense down the sample to a
high enough ash volume filling fraction to achieve suitable reflectance data.

3. Theory

A forward model, F, is required that relates the measured reflectance as a function of incidence
angle to the optical properties of the particles, principally their real refractive index, np. The
model chosen for this purpose was the coherent scattering model (CSM) outlined in [26].

3.1. The scattering amplitude matrix

Following [35], for a plane wave with an electric field of the form Ei = E0i exp(iki · r− iωt)
incident on an arbitary particle at the origin the relationship between the scattered far field and
incident field is: ⎛

⎝ES
‖

ES
⊥

⎞
⎠=

exp(ikr)
−ikr

⎡
⎣S2 (θ) S4 (θ)

S3 (θ) S1 (θ)

⎤
⎦
⎛
⎝E i

‖
E i
⊥

⎞
⎠ (1)

where the subscripts ‖ and ⊥ denote parallel and perpendicular, respectively, with respect to
the scattering plane, which is the plane containing the incident and scattered wave vectors, and
where θ is the scattering angle between the two wave vectors.

For a spherical particle, S3 (θ) = S4 (θ) = 0. This condition also holds for the configura-
tionally averaged scattering amplitude functions of non-spherical particles randomly orientated
in an isotropic medium [36].

3.2. The Fresnel equations

The Fresnel equations describe the reflectivity at an interface between two homogeneous me-
dia: an incident medium and a transmission medium. In the derivation of these equations it is
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assumed that the transmission medium extends infintely beyond the interface, such that there
is no additional component to the reflectivity arising from reflection at a second interface; The
Fresnel reflectivity amplitudes are therefore half space reflectivity amplitudes for homogeneous
media. The expressions for the reflectivity coefficient for the E-field polarised perpendicular
(⊥) to the plane of incidence and for the E-field parallel (‖) to the plane of incidence may be
written in terms of the complex permittivity ε and complex permeability μ of the two media:

rFres
⊥ =

(
Er

Ei

)

⊥
=

μtni cos(θi)−μint cos(θt)

μtni cos(θi)+μint cos(θt)
, rFres

‖ =

(
Er

Ei

)

‖
=

εtni cos(θi)− εint cos(θt)

εint cos(θi)+ εtni cos(θt)
,

(2)

where the subscripts i, r and t refer to the incident, reflected and transmitted rays respectively.
Knowledge of the complex refractive index:

n =
√

εμ/μ0ε0, (3)

is insufficient to determine the interface reflectivity: μ and ε must be known individually. The
exception being materials with no magnetic response, such that μ = μ0 and n =

√
ε/ε0, where

knowledge of n is sufficient. The reflectivity r is related to the reflectance R (the ratio of the
reflected intensity to the incident intensity; the quantity measured by a detector) according to
R = |r|2.

3.3. N-layered slab system

Consider the case of a general N-layered system depicted in Fig. 2. The z-direction is defined
to be perpendicular to the slab interfaces, with positive z going rightwards in Fig. 2. Using the
composition law of amplitude [37, 38], the reflectivity coefficient at the first interface Γ0,1 can
be expressed as:

Γ0,1 (θ0) =
rhs

0,1 (θ0)+Γ1,2 (θ1)exp
(
2ikz

1Δz1
)

1+ rhs
0,1 (θ0)Γ1,2 (θ1)exp

(
2ikz

1Δz1
) , (4)

where Γ1,2 (θ1) is the reflectivity coefficient for light in medium 1 incident at angle θ1 on the
interface with medium 2. The term rhs

0,1 (θ0) is a half space reflectivity: it is the reflectivity at
the interface 0 → 1 if medium 1 were to extend infinitely beyond the interface; removing all
other interfaces the equation simplifies to: Γ0,1 (θ0) = rhs

0,1 (θ0). Equation (4) can be readily
generalised to give the reflectivity coefficient of light in slab m incident on the interface with
slab (m+1):

Γm,m+1 (θm) =
rhs
m,m+1 (θm)+Γm+1,m+2 (θm+1)exp

(
2ikz

m+1Δzm+1
)

1+ rhs
m,m+1 (θm)Γm+1,m+2 (θm+1)exp

(
2ikz

m+1Δzm+1
) , (5)

where kz
m is the z-component of the wavevector of light in medium m, such that kz

m = km cosθm

and where km = 2π/λm is the wave number in medium m. The width of slab m is Δzm. The
angle θm of light with respect to the z-axis in medium m can be calculated for a given system
incidence angle θ0 by m successive applications of Snell’s law:

θm = sin−1
(

nm−1

nm
sinθm−1

)
. (6)
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Fig. 2. Reflectivity from an N-layered system of slabs. Only the penetrating beam is shown
after the initial interface. The compound reflectivity at the initial interface, Γ0,1, has a com-
ponent from reflectivity at each subsequent interface according to Eq. (5).

3.4. The coherent scattering model (CSM) and the effective optical properties of a colloidal
system

As outlined in [26], taking into account the Mie scattering of particles, it is possible to deter-
mine an effective electric permittivity εeff and magnetic permeability μeff for a dilute system of
random spheres that describe the propagation of the coherent beam. These derived optical co-
efficients are not continuous functions of space, but depend on the angle of light with respect to
the z-axis and the light’s polarisation. When εeff and μeff are substituted into Eq. (2), employing
Eq. (3), an expression for the reflectivity of a half space of dilute random spheres is established.
We note that the half space reflectivity is derived from wave scattering theory and does not rely
on the interpretation of the system as an effective medium. The effective optical coefficients
depend on the Mie scattering amplitude functions Sj

(
θ ,x,mp/mm

)
as defined in [35], where

j = 1 is employed for ⊥ polarised light and j = 2 for ‖ polarised light. The Mie scattering
amplitude functions depend on the ratio of the complex refractive index of the particles to the
complex refractive index of the surrounding medium, mp/mm. In the retrievals presented in
this paper, it is assumed that the particles are non-absorbing (the uncertainty associated with
retrievals of np arising from assuming kp = 0 is shown to be negligible in section 4) and the
suspension medium is non-absorbing, so that mp/mm = np/nm. The Mie scattering amplitude
functions also depend on the size paramter of particles: x = 2πa/λm, where λm = nm/λ0 is
the wavelength of light in the suspension medium and λ0 is the vacuum laser wavelength. The
effective optical properties for ⊥ polarised incident light are:

μeff
⊥

μ0
= 1+ iγ

S(1)− (θi)

cos2 θi
, (7)

εeff
⊥
ε0

= 1+ iγ
[
2S(1)+ (θi)−S(1)− (θi) tan2 θi

]
, (8)

where

S( j)
+ (θi) =

1
2
[S (0)+S j (π −2θi)] , (9)

S( j)
− (θi) = S (θi)−S j (π −2θi) . (10)
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Here γ = 3 f/2x3, and f is the volume filling fraction occupied by the particles.
For ‖ polarised incident light, the corresponding expressions are:

εeff
‖
ε0

= 1+ iγ
S(2)− (θi)

cos2 θi
, (11)

μeff
‖

μ0
= 1+ iγ

[
2S(2)+ (θi)−S(2)− (θi) tan2 θi

]
. (12)

Substitution of Eqs. (7) and (8) for ⊥ polarised light or Eqs. (11) and (12) for ‖ polarised
light into Eq. (2) yields Eq. (13) an expression for the reflection coefficient for a half space of
random particles rhs, as depicted in Fig. 3(a). The centres of the particles lie in the region z > 0
but due to the finite size of the particles some protrude into the region z < 0. The expression for
the half space reflection coefficient is:

reff
hs (θi) =

γS j (π −2θi)/cosθi

i

(
cosθi +

{
cos2 θi +2iγS (0)− γ2

cos2 θi

[
S (0)2 −S j (π −2θi)

2
]}1/2

)
− γS(0)

cosθi

(13)

where j = 1 for ⊥ polarised incident light and j = 2 for ‖ polarised light.
The z-component of the wavevector of the coherent beam in the scatterting medium keff

z is
given by:

keff
z =

√
(kz

m)
2 −2iχS (0)kz

m/cosθi +(χ2/cos2 θi)
[
S j (π −2θi)

2 −S (0)2
]

(14)

where χ =−3 f/2a3k2
m and a is the particle radius. We note that Eqs. (13) and (14) are derived

from a wave-scattering approach, and do not rely on the interpretation of the system as an
effective medium [26, 27].

Now consider the case of an interface (located at z = 0) between an incident medium (z < 0)
and a turbid medium (z > 0) containing randomly located spheres with a dilute concentration,
as depicted in Fig. 3(b). Given the condition that no particles in the turbid medium may pro-
trude into the incident medium, the centres of all particles must lie in the region z > a. Thus
there exists an excluded slab of width Δz = a in which the centres of particles may not lie and
application of Eq. (4) yields the interface reflectivity:

r =
rFres

i,m + reff
hs (θm)exp(2ikz

ma)

1+ rFres
i,m reff

hs (θm)exp(2ikz
ma)

, (15)

where rFres
i,m is the Fresnel reflectivity for an interface between a homogeneous medium with

refractive index ni and a homogeneous medium with refractive index nm.

3.5. Polydisperse systems

The expressions for the optical coefficients are easily modified to account for polydisperse
particle size distributions. The amplitude scattering function Sj (θ ,a), in Eqs. (7), (8), (11) and

(12), is replaced by an average value integrated over the size distribution:
∞∫
0

S j (θ ,a)n(a)da,

where n(a) is the normalised size distribution function (such that
∞∫
0

n(a)da = 1).

As outlined in [29], an additional complication arises when modelling the reflectivity at an
interface between an incident medium and a turbid medium containing a random dilute system
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(b) Reflectivity at an interface between an incident
medium and a turbid medium containing randomly
located spheres.

Fig. 3. Reflectivity from two systems containing random spheres.

of polydisperse particles: A particle of radius a cannot approach closer than a to the interface,
resulting in the relative density of smaller particles increasing as the interface is approached.
Thus the size distribution close to the interface is modified according to:

n(a,z) =U (z−a)n(a) , (16)

where U (x) is a step function defined by: U (x) = 0 for x < 0, and U (x) = 1 for x ≥ 0. Suffi-
ciently far from the interface, the distribution is described by the unmodified distribution n(a).

In order to model the coherent reflectivity from a polydisperse colloid, the system can be split
into three parts: the incident medium at z < 0; a transition region inside the colloid consisting
of N slabs of equal width Δz extending from z = 0 to z = NΔz; and finally a region with the
unmodified bulk distribution n(a) occupying z > NΔz. In the model approximation, within the
transition region, the size distribution of particles is assumed to be constant within each slab
but varies between slabs. Figure 4 demonstrates how the particle size distribution in slab m
of the transition region is restricted to particles with radius a < mΔz. Such a system provides
an approximation that tends to the modified distribution described by Eq. (16) as Δz becomes
small and N large.

In order to determine the reflectivity from the approximate model system depicted in Fig.
4, Eqs. (7) and (8) or (11) and (12) (depending on the polarisation) must be used to estab-
lish the effective optical properties of each slab, integrating the amplitude scattering function
S j (θ ,a) over the appropriately truncated particle size distribution. For slab m the appropriate

replacement being:
mΔz∫
0

S j (θ ,a)n(a)da. In the region z > NΔz the appropriate replacement is

the integral over the entire distribution:
∞∫
0

S j (θ ,a)n(a)da.

Once the effective optical properties of each region of the approximate model system have
been established, the system reflectivity Γ01 can be readily calculated using successive appli-
cations of Eq. (5). In the retrievals performed on the polydisperse volcanic ash and the poly-
disperse sand sample, a lognormal distribution was assumed with a median radius, a0, and a
geometric standard deviation, S:
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Fig. 4. Illustration of modelling the reflectivity from a polydisperse colloid, using an N-slab
transition region extending from z = 0 to z = NΔz. The diagram illustrates how in slab m
the distribution of particles is restricted to those with radius a < mΔz.

n(a) =
1√

2π ln(S)a
exp

[
ln(a)− ln(a0)

2ln2 (S)

]
. (17)

4. Sensitivity analysis

In order to determine how measurement errors and other errors propagate through the forward
model into uncertainty associated with the retrieved real refractive index np, a sensitivity anal-
ysis was performed for the monodisperse model and the polydisperse model.

4.1. Error propagation formalism

We follow the error analysis formalism outlined in [39]. For the general problem, the measure-
ment vector, y, is related to the state vector, x, and the measurement error, εεε , via:

y = F(x,b)+ εεε, (18)

where F(x,b) is the forward model, and b is the set of assumed forward model parameters. In
this application, the measurement vector y contains the set of m detector readings recorded for
the specularly reflected beam at m values of the incidence angle θi. The state vector x contains
all retrieved parameters, including the real refractive index of the particles np. The vector b
consists of quantities that influence the measurement and are known to some level of accuracy,
but are not retrieved quantities.

After linearising about a reference state, x0, Eq. (18) becomes:

y−F(x0,b) = K(x−x0)+ εεε , (19)
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where K is the Jacobian defined by Ki j = ∂Fi(x)/∂xj, corresponding to the partial derivative
of a forward model element with respect to a state vector element. The dimensions of K are
m×n.

When a retrieval is performed on the experimental data, a best estimate of the state, x̂, is
produced:

x̂ = R(y,b) , (20)

and after linearising this becomes:

x̂ = Gy, (21)

where G is the gain matrix and represents the sensitivity of the retrieved state to changes in the
measurement vector, G = ∂R/∂y.

A least squares retrieval weighted by measurement error was performed on experimental data
to determine the best estimate of the state, x̂. The minimised function was therefore:

(y−Kx)T S−1
ε (y−Kx) , (22)

where Sε is the measurement error covariance matrix, defined by Si j = 〈εiε j〉, with εi being the
error associated with the ith measurement. The gain matrix for this type of retrieval takes the
form:

G =
(
KTS−1

ε K
)

KTS−1
ε . (23)

The propagated uncertainty in the retrieved state, Sx, has two contributions. The first con-
tribution, GSεGT, results from the application of the retrieval to the measurement error. The
second contribution, GKbSbKT

b GT, results from errors associated with forward model parame-
ters, with Kb = ∂F/∂b being the sensitivity of the forward model to forward model parameters.
The combined uncertainty associated with the retrieved state is:

Sx = GSεGT +GKbSbKT
b GT. (24)

4.2. Modelling error

Often simplifying assumptions are made because the real physics is either not known or cannot
be modelled accurately. The modelling error is given by:

GΔf = G
[
f
(
x,b,b′)−F(x,b)

]
, (25)

where f contains the correct physics and b′ contains additional model parameters.

4.3. Computing sensitivities

In order to evaluate the uncertainty in retrieved quantities the forward model sensitivities, K
and Kb, must be computed. These are simply linearisations of the forward model — Eq. (19)
— and therefore vary as a function of the state vector x.

In order to compute these sensitivities, one element of the state vector was perturbed by a
fraction of 10−5 about a reference state, x0. The forward model was then applied to compute the
resulting perturbed measurement vector. The sensitivity derivative could then be calculated. By
repeating for each element of the state vector, consecutive columns of the Jacobian, Ki j(x0) =
∂Fi(x0)/∂x j, were computed.

In addition to computing the propagated uncertainties at this reference state, it is also useful
to investigate how the propagated uncertainties vary with position in state space (or assumed
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model parameter space). Of particular interest is how these uncertainties vary with particle
refractive index, and also with particle radius. For example, in order to investigate how the
propagated uncertainties vary with particle refractive index, np, requires recalculation of the
Jacobian over the desired range of np, whilst keeping the remaining parameters of the reference
state fixed.

4.4. Sensitivity analysis of the monodisperse model and the polystyrene latex test particle
retrieval

The analysis presented here is tailored to the type of retrieval performed on the polystyrene
latex test particles. The reference state x0 was taken as the retrieved state from the retrieval
on reflectivity data from a polystyrene latex sample with a measured volume filling fraction
of f = 6.70 %. In the polystyrene particle retrievals the monodisperse model was used (the
particles were manufactured to be monodisperse, with a coefficient of variation in size of ≤ 3 %
quoted by the manufacturer). The state vector took the form x =

(
np,nm

)
. The parameter nm

was retrieved rather than fixed at the value of the refractive index of distilled water, because the
presence of the polymer dispersant in the distilled water likely affects its refractive index. The
volume filling fraction, f , which had been measured with an uncertainty of 5 % was fixed at
its measured value in the retrieval and thus formed an element in the vector of assumed model
parameters; additional assumed model parameters were such that b = ( f ,a,λ ).

(a)

1.4 1.6 1.8 2.0 2.2 2.4
Particle refractive index

0.001

0.010

0.100

U
nc

er
ta

in
ty

(b)

0 2 4 6 8 10 12 14
Size parameter, x = 2πa / λ

0.001

0.010

0.100

U
nc

er
ta

in
ty

Fig. 5. The contributions to uncertainty in the retrieval of real refractive index for a
monodisperse system plotted against (a) real refractive index and (b) size parameter. The
contributions to the uncertainty and the combined uncertainty are shown: volume fill-
ing fraction, incidence angle, laser power, particle radius, laser wave-
length and combined uncertainty. Uncertainty resulting from assuming non-absorbing
particles was less than 0.001. The reference state was taken to be the retrieved state for a
polystyrene latex sample with a measured volume filling fraction f = 6.70 %.

Figure 5 summarises the contributions to the combined uncertainty in the retrieval of real
refractive index resulting from measurement uncertainties and uncertainties associated with
assumed model parameters. The plots show how these error contributions vary (about the ref-
erence state) with particle refractive index and with size parameter — Figs. 5(a) and 5(b),
respectively.

Table 1 sets out the contributions to propagated uncertainty at the reference state: the f =
6.70 % retrieval result. It can be seen that the 5 % uncertainty associated with the measured
volume filling fraction contributes to the largest uncertainty in the retrieved real refractive index.

The uncertainty from assuming non-absorbing particles was calculated as follows. We can
then take the imaginary particle refractive index to be zero, kp = 0, providing we assign a param-
eter error comparable to the true magnitude of kp. Xiaoyon et al. [40] found kp for polystyrene
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to be less than 0.001 for λ < 800 nm. The contribution to the propagated uncertainty is then
given by GKbSbKT

b GT, as detailed in Eq. (24), assuming a parameter error in kp of 0.001. The
resulting propagated uncertainty in the retrieval of np was found to be less than 0.001 for all
values of x and np investigated.

In theory there is no restriction on including the imaginary refractive index of the particles in
the forward model. However, the value of the imaginary refractive index of polystyrene in the
visible is very low and has very little effect on the reflectivity of the system or the retrieval of
np, as demonstrated by the results of this sensitivity analysis.

Table 1. Summary of contributions to the propagated uncertainty in the retrieval of np for
the retrieval using the monodisperse CSM performed on the polystyrene latex particle re-
flectivity data. The values shown were calculated at the retrieved state of the f = 6.70 %
scan.

Error Term, e σe Propagated uncertainty,
∣∣∣ δnp

δe

∣∣∣σe.

Volume filling fraction, f 5 % 0.01070
Incidence angle, θi 0.05◦ 0.00331
Laser power, LP 1 % 0.00279
Particle radius, a 3 % 0.00039
Non-absorbing assumption 0.00004
Laser wavelength, λ 5 nm 0.00001

Combined uncertainty 0.01154

4.5. Sensitivity analysis for the polydisperse model and the sand and ash retrievals

This analysis is tailored to the type of retrieval performed on the sand and the volcanic ash sam-
ples. The polydisperse model, taking into account the interface region using a 50 slab system,
was applied to experimental reflectivity data from these samples. A log-normal distribution was
assumed, controlled by the median radius, a0, and geometric standard deviation, S. For these
retrievals the state vector took the form x =

(
np,nm, f ,a0,S

)
, whilst the assumed model param-

eter vector had the form b = (λ ). The reference state x0 was taken to be the retrieved state for a
retrieval performed on sand reflectance data in which the retrieved volume filling fraction was
f = 5.01 %.

Figure 6 summarises the error contributions in the retrieval of real refractive index as a func-
tion of particle refractive index and size parameter — Fig. 6(a) and Fig. 6(b), respectively.
The size parameter is defined in terms of the median radius of the log-normal distribution:
x = 2πa0/λ . It can be seen from Fig. 6(b) that the minimum for combined uncertainty occurs
for a size parameter of approximately 1.9, which for a laser wavelength of 635 nm corresponds
to a median radius of 190 nm.

Table 2 shows the values of propagated uncertainty in the retrieval of real refractive index
from each of the error terms. The particular values shown in the table apply for the polydisperse
retrieval, employing a 50 slab interface region, performed on a sand sample with a retrieved
volume filling fraction of f = 5.01 % (see Table 4 for the full state vector). It can seen that
the largest error terms come from uncertainty in the measured incidence angles at which the
reflectivity detector readings are made, and uncertainty in the laser power.

The uncertainty from assuming non-absorbing particles was calculated using a method iden-
tical to that outlined above for the monodiperse case. The imaginary particle refractive index
was fixed at kp = 0 and assigned a parameter uncertainty of 0.001 — Ball et al. [22] measured
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Fig. 6. The contributions to uncertainty in the retrieval of real refractive index for a poly-
disperse distribution taking into account the interface region using a 50 slab system:
incidence angle, laser power, non-spherical effects, non-absorbing assump-
tion and combined uncertainty. The reference state was taken to be the retrieved state
for the sand retrieval with a retrieved volume filling fraction of f = 5.01 %.

Table 2. Summary of the contributions to the propagated uncertainty in the retrieval of np
for the polydisperse model taking into account the interface region using a 50 slab system.
The reference state was taken to be the retrieved state for the sand retrieval with a retrieved
volume filling fraction of f = 5.01 %.

Error Term, e σe Propagated uncertainty,
∣∣∣ δnp

δe

∣∣∣σe.

Incidence angle, θi 0.05◦ 0.0301
Laser power, LP 1 % 0.0276
Non-spherical effects 0.0185
Non-absorbing assumption 0.0012
Laser wavelength, λ 5 nm 0.0001

Combined uncertainty 0.0449

the imaginary refractive index of Eyjafjallajökull ash to be 0.000850±0.00069 at 650 nm. The
propagated uncertainty was then calculated according to Eq. (24). As can be seen in Fig. 6 and
Table 2 the forward model sensitivity to kp is small.

The modelling error associated with assuming spherical particles (and therefore Mie scatte-
ring) was estimated. T -matrix scattering code, described in [34] Mishchenko et al., was used to
calculate the configurationally averaged scattering amplitude functions, S1 and S2, for randomly
orientated spheroids with an aspect ratio of 1.5 — an average aspect ratio of 1.47± 0.30 for
Eyjafjallajökull ash was found in [22]. The forward model result using these non-spherical scat-
tering amplitude functions was subtracted from the forward model result using Mie scattering
amplitude functions to give Δf. The gain matrix was then applied to compute the propagated
uncertainty, according to Eq. (25).

5. Results

5.1. Monodisperse polystyrene latex spheres

The monodisperse CSM was used within a least squares retrieval weighted by measurement
errors — see Eq. (22) — to retrieve the state vector x =

(
np,nm

)
from the experimental re-

flectivity scans on the suspensions of polystyrene latex particles with varying volume filling

#247358 Received 5 Aug 2015; revised 27 Oct 2015; accepted 4 Nov 2015; published 25 Jan 2016 
© 2016 OSA 8 Feb 2016 | Vol. 24, No. 3 | DOI:10.1364/OE.24.001953 | OPTICS EXPRESS 1968 



fractions in distilled water. The refractive index of the suspension medium nm was retrieved
because of the additional polymer dispersant present, which is likely to alter slightly the refrac-
tive index of the distilled water used to suspend the polystryrene particles. The volume filling
fraction for each scan was fixed at its measured value in the retrieval. The vector of assumed
model parameters had the form b = ( f ,a,λ ), with the particle radius fixed at a = 260 nm and
the incidence wavelength fixed at λ = 635 nm.
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Fig. 7. Reflectivity scans for polystyrene latex spheres in distilled water at differing volume
filling fractions. Shown are the fitted reflectivity curve using the monodisperse CSM
and the Fresnel reflectivity curve for a suspension medium containing no scatterers
with a refractive index equal to the retrieved value of nm.

Figure 7 shows the experimental data points at different volume filling fractions. The fitted
reflectivity curves are shown in red. The Fresnel reflectivity for a homogeneous medium (con-
taining no scatterers) with a refractive index equal to the retrieved value of nm is shown as a
dashed blue line.

Table 3 summarises the retrieval results for the polystryrene latex sphere suspensions of
varying volume filling fraction. The weighted mean refractive index from the polystryrene scans
is < np >= 1.5931± 0.0052 at 635 nm. This compares to the value for the refractive index of
polystyrene of 1.5870±0.001 at 635 nm according to [41], Kasarova et al.

5.2. Polydisperse sand sample

The number of slabs, N, used to model the transition region was determined by analysing re-
flectivity curves, produced by the forward model, increasing N in increments of 5 (with all other
parameters fixed). It was found that the reflectivity curves rapidly converged. The improvement
in increasing the number of slabs beyond 50 was small; the maximum difference in reflectivity
for N = 50 compared to N = 100 was less than 0.1 % (i.e. less than 10 % of the laser power
uncertainty).

The polydisperse CSM using a 50 slab system to model the interface region was employed in
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Table 3. Summary of polystyrene latex sphere retrieval results using the monodisperse
CSM.

Measured f (%) Retrieved np Retrieved nm

4.75 1.6045±0.0127 1.3364
6.20 1.5932±0.0120 1.3337
6.70 1.5933±0.0117 1.3359
8.27 1.5868±0.0111 1.3379
10.36 1.5906±0.0109 1.3398

the retrievals. The particle size distribution was assumed to be log-normal. The median radius
a0 and width parameter S were retrieved. The state vector for the retrieval took the form x =(
np,nm, f ,a0,S

)
and the parameter vector was b = (λ ). A least squares retrieval weighted by

measurements errors was employed. The suspension medium refractive index was included as
a retrieved parameter, as it is possible that the sand sample has a small component of soluble
material which may alter slightly the refractive index of the distilled water used to suspend the
sand.

Table 4. Summary of the retrieval results on the sand sample.

np nm f (%) a0 (nm) S

1.6099±0.0586 1.3338 3.66 424.6 1.145
1.6211±0.0553 1.3317 4.41 417.0 1.146
1.5837±0.0449 1.3323 5.01 402.1 1.127
1.5603±0.0446 1.3339 5.56 450.2 1.108
1.5530±0.0551 1.3353 6.06 432.8 1.183
1.5370±0.0548 1.3310 6.08 435.7 1.184

Table 4 summarises the retrieval results for the sand sample. The mean refractive index for the
sand from the 6 scans is < np >= 1.576±0.021 at 635 nm. This compares to values measured
using the Becke line technique of 1.566±0.01 at 546.1 nm and 1.560±0.01 at 650 nm.

5.3. Polydisperse volcanic ash sample

The same type of retrieval, outlined in section 5.2, was used for the volcanic ash reflectivity
data. As with the sand retrievals, the suspension medium refractive index was included as a
retrieved parameter because the volcanic ash is likely to have a small soluble component that
may alter slightly the refractive index of the distilled water used to suspend the ash.

Table 5 summarises the retrieval results for the volcanic ash samples. Sample A and sample B
were produced from the same bulk ash sample, but were left to settle for 12 hours and 24 hours
respectively for the sedimentation process. Table 5 shows a clear variation in the retrieved log-
normal size distribution parameters between the two samples.

The mean refractive index from the 6 scans on volcanic ash was < np >= 1.553± 0.024 at
635 nm. The same volcanic ash sample’s refractive index was measured using the Becke line
method and was found to be 1.546±0.01 at 546.1 nm and 1.548±0.01 at 650 nm. The Becke
line method is only applicable to particles with a radius larger than approximately 500 nm, as
determined by the resolvable limit of the optical microscope used for the technique. Compar-
ison with the result obtained using the reflectance measurements, indicates no evidence of a
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Table 5. Summary of the retrieval results on samples made from an Icelandic volcanic ash.
Sample A underwent a 12 hour sedimentation process whilst for Sample B the period was
24 hours.

Sample np nm f (%) a0 (nm) S

A 1.5684±0.0710 1.3346 3.18 314.5 1.278
A 1.5597±0.0523 1.3345 8.23 314.1 1.285
A 1.5269±0.0549 1.3358 9.19 323.8 1.313
B 1.5561±0.0573 1.3334 5.97 208.2 1.503
B 1.5535±0.0596 1.3369 9.48 241.6 1.426
B 1.5308±0.0587 1.3366 10.66 255.1 1.411

variation in refractive index between the Becke line size regime and the size regime of the
reflectance measurements (indicated by the retrieved modal radii in Table 5).

6. Conclusions

This paper determines the accuracy in retrieving the real refractive index, at visible wave-
lengths, of submicron monodisperse or polydisperse aerosol particles from angular reflec-
tivity measurements of a dilute colloidal suspension of the aerosol. The coherent scattering
model [26] has been applied to model the reflectivity from the colloidal suspension. An ex-
tension of this model for polydisperse suspensions, similar to that in [33], is presented which
properly accounts for the modified particle size distribution close to the medium-to-colloid in-
terface. The modified distribution occurs because a particle of radius a cannot approach closer
than a to the interface, resulting in an increase in the relative density of smaller particles as the
interface is approached. A sensitivity analysis was performed on the monodisperse and poly-
disperse models, which determines how experimental uncertainties propagate into uncertainty
associated with the retrieval of real refractive index.

Experimental reflectivity data, at a wavelength of 635 nm, were obtained for a monodis-
perse suspension of polystryrene latex spheres with a known refractive index, a polydisperse
sand sample and a polydisperse sample of volcanic ash. The monodisperse CSM was used to
retrieve the real refractive index of the polystyrene particles, and the value obtained agreed
with the known value to within uncertainties predicted by the sensitivity analysis. Similarly,
the polydisperse CSM, using a 50 slab interface transition region and assuming a lognormal
size distribution, was used to retrieve the real refractive index from the reflectivity data ob-
tained for the sand and ash samples. The retrieved refractive index for the sand and ash samples
agreed, to within derived uncertainties, with values obtained using the Becke line method on
the same samples. However, comparison of refractive indices obtained from the two techniques
is complicated because they are sensitive to different particle size regimes. The advantage of
the technique, presented in this paper, is its sensitivity to submicron particles (as demonstrated
by the sensitivity analysis of section 4, and in particular Fig. 6(b)) whereas the Becke line tech-
nique is limited by the resolving ability of an optical microscope, typically to particles with a
diameter > 1 μm.

In the forward model used to predict the reflectivity from the colloidal suspensions, spherical
particles were assumed and therefore the Mie scattering amplitude functions used. However,
volcanic ash particles are known to have irregular non-spherical shapes [23]. In principle, there
is no reason why non-spherical scattering amplitude functions could not be used in the forward
model replacing the assumed Mie scattering amplitude functions. By employing T -matrix code,
we have included in the sensitivity analysis an estimate of the systematic uncertainty introduced
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into the retrieval of real refractive index resulting from non-spherical scattering effects.
An area for possible improvement for retrieving the real refractive index of ash samples

from this method would be to incorporate independent sizing measurements of the aerosol. In
the retrievals performed on the reflectivity data from the polydisperse sand and ash samples,
a lognormal distribution was assumed with a0 and S being retrieved parameters. If accurate
independent sizing data could be obtained for the submicron aerosol, their incorporation could
significantly reduce uncertainties associated with the retrieval of real refractive index for poly-
disperse samples.

In conclusion we present a method for retrieving the real refractive index of submicron
aerosol particles from near critical angle reflectivity measurements from a dilute colloid con-
taining the aerosol. The technique has been successfully applied to monodisperse polystryrene
latex spheres of radius 260 nm, a polydisperse sand sample and a polydisperse volcanic ash
sample. In the future we aim to apply the method to a range of volcanic ash samples. Compari-
son of these results with those obtained using the Becke line method will allow any variation in
real refractive index between submicron and particles larger than one micron to be investigated.
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