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1 Describing Particle Size

Atmospheric particles come in a variety of compositions and sizes. There
are three main classes: aerosols, water droplets and ice crystals. But that
is just a start, a complete description of an ensemble of particles would
encompass the composition and geometry of each particle. Such an approach
is impracticable. For example atmospheric aerosols have concentrations as
high as ~ 10,000 particles per cm3. An alternate approach is to use a
statistical description of the particle size distribution. This is assisted by the
fact that small liquid drops adopt a spherical shape so that for a chemically
homogeneous particle the problem becomes one of representing the number
distribution of particle radii. The particle size distribution can be represented
in tabular form but it is usual to adopt an analytic functional. The success
of this approach hinges upon the selection of an appropriate size distribution
function that approximates the actual distribution. There is no a prior:
reason for assuming this can be done.

1.1 Particle Size Distribution

A measured distribution of particle sizes can be described by a histogram of
the number of particles per unit volume within defined size bins. By making
the bin size tend to zero a continuous function is formed called the radius
number density distribution N(r) which represents the number of particles
with radii between r and r + dr per unit volume. The difficulty with this
representation is that it is unmeasurable! This is because there are an infinite
number of radius values so that the probability of the radius being any one
specific value is zero. The problem is avoided by using the differential radius
number density distribution n(r) defined by

nr) = N0 )

The same equation can be written in integral form as

r+dr
AN(r) = / n(r) dr. 2)
The total number of particles per unit volume, Ny, is given by

Ny = /OOO n(r) dr. (3)

The total surface area of the distribution or surface area density is defined

Ay = 47r/0Oo r*n(r) dr. (4)

1
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and similarly the volume density is found from

4 o)
Vo = —m [ rn(r)dr. (5)
3 Jo
It follows that the mass density is
My = pVy (6)

where p is the density of the substance forming the particles.

1.2 Metrics of Distribution Centre & Spread

Generally a size distribution is characterised by the total number of particles
per unit volume, its centre and by its spread. The centre of a distribution
can be represented by

the mean i is the arithmetic average defined by
Joo mn(r)dr

= 7)

Ho =

the geometric mean /i, is defined by

Joo Inr n(r) dr

g = o (L) ®)

the mode is the location of the peak (maximum) value of a size distribution.

the median is the “middle” value of a data set, i.e. 50 % of particles are
smaller than the median (and so 50 % of particles are larger).

For symmetric distributions the mean, mode and median have the same value.
Most aerosol distributions are asymmetric having more larger particles than
smaller so that

mode < median < mean 9)
The spread of the size distribution is captured through

the variance o2 defined

2 Jo (r — po)*n(r) dr
p— . 10
) NO ( )
The standard deviation, og, of a distribution is the square root of the

variance.

the geometric standard deviation o, defined

> (lnr — Inp,)* n(r) dr |
v~ o Jfo RVRHGE:
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1.3 Effective Radius and Effective Variance

The mean along with other size distribution metrics can be helpful in describ-
ing a particle distribution, but by far the most useful for optical measure-
ments is the effective radius, r.. The advantage of using the effective radius
comes from the fact that energy removed from a light beam by a particle
is proportional to the particle’s area (provided the radius of the particle is
similar to, or larger than, the wavelength of the incident light). Weighting
each radius by 7r?n(r) gives

oforﬂr2 n(r)dr
LR (12)
[ mr2n(r)dr

0

The effective radius is sometimes called the area-weighted mean radius. In

an equivalent manner the effective variance for a distribution can be defined
(Hansen 1971)

Joo(r — re)?mrn(r) dr

r2 [° mrin(r) dr

(13)

Ve

The factor 72 is included in the denominator to make v, dimensionless and
a relative measure.

1.4 Moments

The i*® moment m; of a distribution n(r) is defined

m; = /000(7‘ —c)'n(r)dr (14)

where ¢ is some constant. Choosing ¢ = 0 gives the raw moment. Choosing
¢ to be the distribution mean generates central moments. Moments depend
upon the shape of the n(r) and can be used to calculate some common
metrics listed in Table 1. Note that the geometric mean (or variance) is not
necessarily expressible in moments but Vogel (2020) provides expressions for
most of the common distributions.
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Table 1: Size distribution metrics expressed in terms of the raw moments.

Metric Formula
number density Ny = my
surface area density | ay = 47wmy
volume density vy = %ng
: —m
mean radius o = 1t
; 2 mg mi
variance of =12 — =
mo mg
effective radius Te = %2
effective variance Ve = 23 — 1
3

1.5 Area, Volume and Mass Distributions

Analogous to the description of the distribution of particle number with ra-
dius it is also possible to describe particle area, volume or mass with equiv-
alent expressions to Equations 2 and 3. This gives rise to multiple ways of
expressing a particle distribution and it is often necessary to swap from one
representation to another.

The area density distribution A(r) represents the area of particles with
radii between r and r + dr per unit volume, i.e.

Ay = [ T ) dr (15)

The differential area density distribution, a(r) is

dA

= 16
atr) = = (16)
For spherical particles
dA dN
a(r) = NG 4r3n(r). (17)
The total particle area per unit volume, Ay, is then given by
Ay = /OO a(r)dr. (18)
0

The volume density distribution V' (r) represents the volume of particles
with radii between r and r + dr per unit volume, i.e.

ve) = [ T ) dr. (19)

4
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The differential volume density distribution, v(r) represents the volume con-
tained in particles whose radii lie between r and r + dr per unit volume,
Le.

av
= —. 20
o) = 2 (20)
For spherical particles
dVdN 4 4

v(r) = N =3 n(r). (21)

The total particle volume per unit volume, V), is given by

Vo = AwMMdr (22)

The mass density distribution M (r) represents the mass of particles with
radii between r and r + dr per unit volume, i.e.

M(r) = /T m(r) dr. (23)

The differential mass density distribution, m(r) represents the mass con-
tained in particles with radii between r and r + dr per unit volume, i.e.

dM
= —, 24
m(r) = % (24)
For spherical particles
dMdN 4

m(r) = N — 3" pn(r), (25)

where p is the density of the aerosol material. The total particle mass per
unit volume, M, is

My = Amnmmdﬁ (26)

1.6 Non-spherical Particles

Liquid particles are nearly always spherical, the principal deviant being rain-
drops where aerodynamic forces create a distortion. Solid particles are nearly
always non-spherical having been formed by mechanical processes, evapora-
tion, combustion or agglomeration. In these cases the particle size is de-
scribed by a volume equivalent radius and some form of non-sphericity factor.
For example the sphericity ¥ is defined as

41 A

\If:p2

(27)



Some Useful Formulae for Particle Size Distributions and Optical Properties
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2.1 Definitions
One particle distribution to consider adopting is the normal distribution

Ny 1 (r — po)?
n(r) = \/ﬂ;o exp [_%‘(2)] , (28)

where piy is the mean and o is the standard deviation of the distribution.
An example is shown in Figure 1. The distribution is symmetric about the
mean so the mean, median and mode of a normal distribution all have the

same value.
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Aside 2.1

Show that py and o2 are the mean and variance of the normal distribution.
The following derivations all use the same substitution, i.e.

- T — Ho
\/500
Firstly
o0 © Ny 1 T — po)?
/_OO ne(r)dr = _QOW;OQXP [—( 2030) ] dr

N 1 [
= \/210/ exp (—m2) V200 dx
mwoQ J—o0

Jr
The mean is given by
o0 2
Lsorne(rydr / No 1ol
JZo n(r) dr NO \/ 27T o 203

e

S L) i [row () i
N

=0

The variance is given by

S22 (r = po)* () dr 1 /°° o No 1 (r — po)?
= = — po)?—==—exp | - d
NO NO (T ILLO) 27_‘_ O_O eXp 20‘8 r

= \/%UO/ 200 2° exp( )\/500 dx

= \/27?08 [m x° exp (—x2) dx = of

=J7/2

The range of particle sizes generally covers several orders of magnitude.
As a result fitting an ensemble of measured particle size with the normal dis-
tribution is often poor, typically indicated by a very large standard deviation.
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A further drawback of the normal distribution is that it allows negative radii.
Particle distributions are much better represented by a normal distribution
of the logarithm of the particle radii. Letting [ = In(r) we have

_ dN() _ Ny 1 (= m)?
n(l) = T—EEGXP [—]

207
where N (I) represents the number of particles whose log radii lie between 1
and [ + dl per unit volume while y; and o} are the mean, and variance of [
respectively. As [ is normally distributed the mean, median and mode in log
space all have the same value, .
To express the log-normal distribution given in Equation 29 in terms of
the linear radius interval dr note that

dl 1

(29)

i r (30)
then
_ AN(r) ANl dl Ny 11 (nr — )’
"= dr dl dr =l )dT T Vmor 207
(31)

Figure 2 shows normal and log-normal distributions with the same mean
and variance. When compared with a normal distribution the log-normal
distribution has a stepper increase in number density approaching the mode
from zero and a longer tail for radii greater than the mode. Thus the mode
of the log-normal distribution is smaller than the mode of the normal distri-
bution.

What complicates the representation of a log-normal distribution is that
it is rarely expressed in terms y; and o;. Instead parameters related to radius
are used. These two changes are considered in turn.

1. As the logarithm is a monotonic function, the median of the log radius
distribution (g) is the log of the median of the radius distribution 7y,
S0

w = Inry (32)

Hence the centre of the distribution (median, mean or mode) in log
space is the natural logarithm of the median radius, r,,, in linear space
and Equation 31 can be expressed

(r) = Ny l}e _(lnr—lnrm)2
N 207

(33)
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0.30
Log-normal
® mean
0.25F median
® mode
0.20F

Figuie 2: Normal angl fog-normal \digtributions having the same metrics Ny =
Es= 5 and oy =
log-normal

normal
99911t is possible/to show that the of the geonjetric mean is the mean

(or median/or mode) in log spaceN\y taking the log of Equation 8 e.g.
0.05}

[¢)

*Inr n(r)dr 1 /9
s, = (BN T @yar = (31)
e} 2 4\ 50 /8 IVo Jep

Combining with Equation 32 gives

Hg = Tm (35)

that is, the geometric mean is the same as the median for a log-normal
distribution. The geometric standard deviation, S, for a log-normal
distribution is calculated by placing this expression into Equation 11
and combining with Equation 33

s = J5° iy —Inrn)® 275 exp [—025heeR] dr

No
11 /00 (Inr —Inr,)’
V2w oy Jo r

(Inr —In rm)j dr

ow |-

(36)
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Making the substitution z = W leads to
2 L1 e 5, 2
7T 07 J—o0

2 0
= ﬁaf /_OO r% exp (—.7)2) dx = o}

V)2
=ImnsS = o (37)

From this definition S must be greater or equal to one otherwise the log-
normal standard deviation is negative. When S is one the distribution
is monodisperse. Typical aerosol distributions have S values in the
range 1.5 - 2.0.

The log-normal distribution appears in the atmospheric literature using any
of combination of r, or g and o (= o) or S with perhaps the commonest
being

No 11 l (lnr—lnrm)Q] 9

n(r) = ————=—exp|—
") = rmsr P 21n” S
Be particularly careful about o and S whose definitions are sometimes re-

versed!

2.2 Properties of the Log-normal Distribution
2.2.1 Median and Mode

The mode of the log-normal distribution, 7y, is related to the median. Let

No 11 (Inr — Inry)? A

") = sy P [—mns] = o8 (39)

No 1 (Inr —Inry)? dB (Inr —Inry)

h A == _— = —_— _— —_—_———

here V2rIn S’ 2m?S O dr rin® S
then
dn(r A A dB
dg" ) =~ exp [B] + — exp [B] o (40)
A A (Inr —Inry,

= Hexp(B]— Gexp(m) L) (41)

10
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Setting the left hand side to zero so r =

A A (Inry — Inry,)
0 = —% exp [B] — E exp [B] 1112 S (42)
(Inry — Inry,)
-1 = 43
1112 S ( )
Inry = lnr, — IS (44)

The peak value of the distribution (at the mode) is then

Ny 1 In%S
n(r) = NGEATYS exp (2 —1In rm> (45)

2.2.2 Limits

A common problem is identifying minimum and maximum values of ri over
which to apply the log-normal, usually in some numerical work. If some frac-
tion 7 of the peak value is chosen then distribution limits can be calculated
from

No 1 1 (Inry —Inry,)? Ny 1 1 (Inry — Inry,)?

———exp |— 5 =7 —— —exp |— 5
VorInSry 21n° S V2rIn S ry 2In* S

(46)
Using Equation 44 to eliminate 7, gives
In?ry —2Inrylnry +In?ry 4+ 2lnnln*S = 0 (47)
Solving
2lnry £ /4In? ry — 4(In ry + 21Innn® S+
g = 2 = Al 2 e’ S) (15)

2
= Inry£4y/—2Innln?S =Inr, —In*S+/—2InnlnS (49)

The limits are

ry = rMeXp<j: —2ln771n25>:exp(lnrm—ln2Sj: —21n771n25')

(50)

The value in square root is positive as 7 is always less than one e.g. 1073.

11



Some Useful Formulae for Particle Size Distributions and Optical Properties

2.2.3 Moments

The i-th raw moment of a log-normal distribution is given by

, 21n% S 2 2
m; = Nor' exp (Z 121 = Nyexp z;H_i . (51)

2

The first five raw moments are

No (52)
Norm exp <; In? S> = Nyexp (u + 01 )] (53)
NorZ, exp (2In° S [; Noexp (2u + 20, )] (54)
Nor3 exp <g In® S> = Ny exp (3# + - 50 )} (55)
Nors exp (8 In? S) [ Ny exp <4,u + 126 ZZ)] (56)

2.2.4 Derived Metrics

The number density, surface area density, volume density, mean radius, vari-
ance, effective radius and effective variance of a log-normal distribution are
given by

No
Ao

Vo

Ho

2
o)

Te

Ve

mo

(57)

47my = 47 Nor2, exp (2 In? S) {E 41 Ny exp (2u + 202)} (58)

4
—T7ms

3

m

mo
ma

mo
ms

mo
maing

m3

iriten(es) [-lonenons 1)
= 37TN0Tm exp (2 In S) = 37TN0 exp | 3u + 57 (59)
= Iy €xp (; In S) (60)
m?
m—% =r2 exp <1n2 S) [exp (ln2 S) - 1} (61)
T'm €XP <2 In S) (62)
—1=exp (ln2 S) -1 (63)

The log-normal parameters to form a size distribution with mean pg and
variance oj are

2
S =exp,|In (1 + Ug) (64)
\/€xp (hrl2 S) Ho

12
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2.2.5 Derivatives

The first derivatives of Equation 38 are

dn n
- - 65
d Ny Ny (65)
dn n (Inr —1Inry)
T D 66
dr r [ In? S ] (66)
dn n (Inr — Inry)?
- -1 67
dsS SlnS [ In? S ] (67)
The second derivatives are:
d?*n
o = O (68)
d’*n 2 3lnr—3lnr,—1 (Inr—Inry,)?
- = 69
dr? " [7“2 r21n? S r2ln* 9 (69)
dzl B (Inr —Inry)? B (Inr —Inry)? B (Inr — Inry)? N 2 N 1
dsz S21n® S S21nt S S21n® S S2n%S  S2InS
(70)

2.3 Log-normal Distributions of Area and Volume

Measurements made of particle area or particle volume are often fitted with
log-normal distributions in area or volume. The log-normal area density
distribution is

ar) = Ll [—“n““ﬂ (1)

ex
V2m o, P 202

where Aq is the total aerosol surface area per unit volume, g, is the radius
of the median area and o, the geometric standard deviation.

13
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Aside 2.2

Show that log-normal distribution of area can be expressed in terms of a log-
normal distribution of number.
Given the expression for the area of a number distribution

No 11 (Inr — )2
= 4 2 =4 240 - - 2
a(r) mren(r) = 4mr Jamorr exp l T (72)

make the substitution r? = exp(2Inr) and complete the square to get

No 11 In*r — 2Inry + p? — 4o Inr
a(r) = 4dr————exp |— 5
V2mopr 207
No 11 In®r — 2Inr(p + 207) + p?
= dr————exp |— 5
V2mopr 20

exp [—IDQT — 27 +207) + (u + 207) = (pu + 207)* + MQ]
207

No 11 l (Inr — (4 202))* — 4uo? — 4014]

- 4 —Z
W\/QWUZTGX 2012
Giving
B Ny 11 ) (Inr — (u + 20,2))2
a(T) 47{’@5; exXp |:2[LL[ + 20’1:| exXp [— 2012 (73)

Equating Equations 71 and 73 gives

A 11 (Inr — pg)?
V2w oa T 20?2

B Ny 11 9 (Inr — (u + 20?))2
= 47Tﬁ;l; exp {Q,ul + 201} exp [— 207 (74)
which is true if
A 47 N,
Lo _ 2T exp {2;“ + 2012} (75)
Oq oy
and
(nr—pa)?  (Inr— (u +202))° (76)
202 B 207

a

14
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From Equation 58
Ay = 4wNyexp <2m + 20?) (77)

which gives o, = 0; when inserted into Equation 75. This shows that if the
number density distribution is log-normal then the surface area density distri-
bution is log-normal with the same geometric standard deviation. Applying
this result to Equation 76 gives

Ha = f + 2‘7[2~ (78)

This states that the area median radius is greater than the median radius.

Equivalent expressions can be calculated for a volume density distribu-
tion, v(r) defined in Section 1.5. The log-normal volume density distribution
is

v 11 p[_(lm_ﬂﬂ -

oo 2
207

v(r) = T ex

where 1} is the total aerosol volume per unit volume, p, is the radius of the
median volume and o, the geometric standard deviation.

15
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Aside 2.3

Show that log-normal distribution of volume can be expressed in terms of a
log-normal distribution of number.
Given the expression for the volume of a number distribution

4 4 No 11 (Inr — )2
v(r) = g7T7“3n(r) = §7T7“3 Sronr exp [—20; (80)

3

make the substitution 7° = exp(31Inr) and complete the square to get

4 Ny 11 l ln27"—21n7"ul+ul2—60121nr]
v(r) = —

3™ Jororr O 207

4 Ny 11 In?r — 2In7(p + 307) + p?
“T————exp |— 5

1Ny 11

e e

3 \/271' oy r

In?r — 2Inr(p + 302) + ( + 302)? — (u + 303)% + 1i?
exp |— 207
4 Ny 11 . (Inr — (p + 302))? = 602 — 9ot
= —T————exp|—
3" Vamor P 207

4 Ny 11 9
—exp {3Ml + 4.50& exp |—

2o o 1 (Inr = (u + 307))°
3 V2T o r

207

| e

Equating with Equations 79 and 81 gives
‘/0 11 (lnr — “v)2
V2o, r 202
4 Ny 11 ) (In7 — (s + 307))°
= gw\/%;l; exp [3,ul + 4.504 exp [— 207 (82)

which is true if

Vo 4 N, )
o =T X (31 + 4.507 ] (83)
and
(nr—pm)? (7= (m+30%)° (84)
202 B 207

16
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Table 2: Relationships area and volume density log-normal parameters and
the number size distribution parameters, Ny, 1; and o;.

Distribution Parameters Relation to Number
Density Parameters

Ag = 47 Ny exp (214 + 207)
Area density Lo = + 20}

Tq = 0y

Vo :%WNO exp (3p + 4.507)
Volume density Loy = 1y + 30}

Oy = 0]

Table 3: Values derived for a log-normal number density size distribution
with S = 1.5.

Median Mean Effective Area Volume

Radius Radius Radius Median Median
Radius Radius

1 1.3 3.3 2.6 4.2

2 2.5 6.6 5.2 8.5

5 6.4 17 13. 21

10 13 33 26 42

From Equation 59
4 2
Vo = §7TN0 exp (3m + 4.50l) (85)

which gives o, = 0; when inserted into Equation 83. This shows that is the
number density distribution is log-normal then the volume density distribu-
tion is log-normal with the same geometric standard deviation. Applying
this result to Equation 84 gives

[y = pu + 307 (86)

They relationships area and volume density log-normal parameters and
the number size distribution parameters are summarised in Table 2. They
can be used to calculate the distribution centre metric for a log-normal dis-
tribution in number density that has been represented by either a log-normal
area density distribution or a log-normal volume density distribution. Table

17
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3 shows some derived values which underline how careful one has to be with
terminology. For example two scientist could be at odds claiming "the centre’
of the size distribution was 1 or 8.4 um. The issue could be resolved when
it is realised scientist A is using the median radius to represent ’the centre’
while scientist B was using volume median diameter.

18
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3 The Modified Gamma and Gamma Distri-
butions

3.1 Modified Gamma Distribution

The modified (or generalized) gamma distribution was introduced to repre-
sent particle size distributions in the Earth’s atmosphere by Deirmendjian
(1963) as

n(r) = ar®exp(=br’). (87)

The four constants a, o, b,y are positive and real and « is an integer. It is
a mathematically convenient model for size distributions of particle types
ranging from aerosols and cloud droplets or ice particles to liquid and frozen
precipitation (Petty and Huang 2011).

Figure 3: Neymna
0.012,6 = 8.7 x
o =5 and o9 =

modified gamma |distributions (a =
%9() di%%gig% the same metrics Ny = 1,
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1
The mode of the distribution occurs where r = (% M. The raw moments

of a modified gamma distribution are (see 3-478/1 of Gradshteyn and Ryzhik
1994)

a+i+1 ) 1
m_:%ﬂr%WH+> (8)
Y Y

The first five raw moments of the modified gamma distribution are

1
mog = gb_TF (a_l_ >
Y Y
a+2 2
my = Eb_%F <a+ >
Y Y
meo = gbiaTSF <&+3>
Y Y
o 4
ms = gbszlF (Oé—i_ >
Y Y
Y

The moments of the modified gamma distribution can be used to find the
derived metrics:

No = mo= 2T (O‘H) (89)
vy B
Ay = damy = 4nlb 5T (O“LS) (90)
v v
4 4 a.,_a+a a+4
Vo = —mmg=—-m-b T (91)
3 3 ( v )
o ()
Ho = m(l)zlwy (92)
2
%= e (93)
_a3 o ag_ot2 ag o2
() aenematen
() T () T ()
B b*%r(%”) _b*%ﬁ o) (95)
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ms b=tAT QTH
Te = — =

T
r(er(es)
ST (eE)r(e)

3.2 Gamma Distribution

(96)

(97)

When v = 1 the modified gamma distribution becomes the gamma distribu-

tion.

n(r) = aur®exp(=br).

which has a mode value of r = &

Figure 4.

z .

(98)

A version of this function is shown in

Figure 4: Norma
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given by

m; = a1 T (a+i+1) (99)
= a b (o + i) (100)

The first five raw moments are

mog = aub
my = ab 2 (a+1)
my = awh 7 (a4 2)!
my = aub " *(a+3)!
my = ab 0 (a+4)!

The moments of the gamma distribution can be used to find the derived
metrics:

Ny = ayb*'a! (101)

Ay = 4dnmy = dmab 3 (a +2)! (102)
W = gwmg = iﬂ'auba4 (o + 3)! (103)
o = T (104)

a4 |
= s ) (109
- = Z k (106)
e BN s e s TR
_ EZ 1 ;‘; 1 (108)
1
" a+3 (109)

As Ny does not equal unity, the parameter a, is not the total particle number
density. This can be rectified by including a normalising factor i.e.

n(r) = b—o—1la/!

In this case a equates to the total particle number density. Note that the
values of pg, 7. and v, are independent of a, and are the same for both
representations of the gamma distribution.

r®exp (—br). (110)
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Equations 106 and 109 can be used for an alternative formulation of the
gamma distribution in 7, and v, (Hansen and Travis 1974)

1 1 — 3v, 1

a = ——3= Y and b= (111)

Ve Ve T'eVe

1—3ve T
:> g Ve —_ ]_12
n(r) T exp ( Teve> (112)
or for the normalised version
a 1—3ve r

n(r) = — T ve exp|— 113
") (reve) e (52)! ’ < reve) o

e

Figure 5 shows a family of distributions based on this expression where r, = 5.

Effective variance
0.25
— 0.17
— 0.12
— 0.10

ma distributions Witﬁ'o’ﬁe = p and a range of v,
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4 Other Distributions

4.1 Inverse Modified Gamma Distribution

57 T UL T UL T UL T 1T \7
- inverse modified gamma ]
4 =
g ]
T r ]
g3 g
> ]
- C ]
= b .
= C ]
) L -
T o2 — -
TR ]
15) C ]
o C i
E ¢ ]
5 ¢ ]
Ar .
1 .
C P ]
C - ]
oF = T oA RS .

0.001 0.010 0.100 1.000 10.000

Radius (um)
Figure 6: Normalised inverse modified gamma distribution (o = 2,b =

0.01,~ = 2) and gamma distribution(b — 10).

The inverse modified gamma distribution is defined by Deepak (1982) as
n(r) = ar “exp (—br’"’) : (114)

-1
The mode of the distribution occurs where r = (z%) u and it falls off slowly
on the large radius side and exponentially on the small radius side. The raw

moments are defined by

a—1—1 —1—
my = Lo r<) (115)
Y Y

The normalized inverse modified gamma distribution can be defined

o -
n(r) = a" i}f( ), (116)
lb—TF(afl)
Y Y
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The raw moments of this distribution are given by

ir\(aflfi)
m; = abv——"1-~. (117)
T (L—1>
B!
4.2 Regularized Power Law
The regularized power law is defined by Deepak (1982) as

ra—l

T Na
AON
where the positive constants a, b, a,y mainly effect the number density, the

mode radius, the positive gradient and the negative gradient respectively.
The mode radius is given by

ro= b<1+0;<_71_1)>1/a’ (119)

and the raw moments by

n(r) = ab*?

(118)

VI(1+i/a)(y—1—14
a I'(7)
Hence the distribution normalised so that the total number of particles is a

1S

Tafl

LONN

(121)

n(r) = aayb*?

4.2.1 Moments

The first three raw moments are

bI(1+1/a)l(y—1—1/a)
" ()

bjF(l%—2/a)F(’y—1—2/a)
" ()

VT +3/a)T(y —1-3/a)
T ()

mm above formulae need to be checked and possibly simplified mm
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The mean radius, the surface area density and the volume density of a
regularized power law distribution are given by

For a regularized power law distribution the effective radius is

b3 T(143/a)T(y—1—3/a)
I S i— _ LU +3/a)(y —1 - 3/a)
e - a —1-2/a)

my B LIHAROLY - T(1 4 2/a)(y - 1 - 2/a)
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5 Modelling the Evolution of an Aerosol Size
Distribution

For retrieval purposes it is necessary to describe the evolution of an aerosol
size distribution. Consider the case where an aerosol size distribution is
described by three modes which are parametrized by a mode radius, r,,,; and
a spread, ;. We wish to alter the mixing ratios, p;, of each of the modes to
achieve a given effective radius r.. How do we do this?

Firstly calculate the effective radius of each of the modes according to

5
Tei = Tm,;CXP (2 In? Si> ) (123)
1 Tei/ €XP (g In? Sl)
Ifre <reythenp=1| 0 | and rp, = T2
0 "m,3
0 Tm,l
Similarly if 7e > re3 then p=1| 0 | and r,, = T'm,2
1 Tei/ €XP (g In? Sg)

If re1 < 7e < 7e3 then gy and is estimated by linearly interpolating

between [0,1] as a function of r, i.e.
g = e Tel (124)
Te,3 - re,l

We now have two equations
it pet+ps =1

{175, | exXp (% In Sl> + o, 5 €Xp (% In SQ) + 3T, 3 €Xp (% In® Sg)
AT 2, 1 €XP (2 In Sl) + fi272, 5 €XP (2 In Sg) + p1372, 3 €Xp (2 In? 5’3)

and two unknowns i.e. pus and pz. The second equation is simplified by
substitution i.e.
Apr + B + Cug
Dpy + Eps + Fus

Te (125)

and the two equations solved to give

rell — B — 1 (A—B+r.(E— D))

Hz = C—B+r.(E—F) (126)
1 = C = u(A-C+r.(F—D))
Ha = B—C +r.(F - E) (127)
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6 Optical Properties

6.1 Volume Absorption, Scattering and Extinction Co-
efficients

The volume absorption coefficient, 32*5(\,r), the volume scattering coeffi-
cient, 5°*(A,r), and the volume extinction coefficient, 5*(\,r), represent
the energy removed from a beam per unit distance by absorption, scattering,
and by both absorption and scattering. For a monodisperse aerosol they are
calculated from

B (N, 1) = oS (X, )N (1) = 7r2Q>(\,r)N(r),
monodisperse only { 3%%(\,7) = o5\, )N (r) = 7r?Q**(\,r)N(r), (128)
B A1) = o™ (A )N (r) = w2 Q¥ (A, 1) N (r),

where N (r) is the number of particles per unit volume at some radius, r. The
absorption cross section, o®*(\,r), the scattering cross section, c®™*(\, r),
and the extinction cross section, o®**(\ r), are determined from the extinc-
tion efficiency factor, Q™*(\,r), extinction efficiency factor, Q*(\,r), ex-
tinction efficiency factor, Q™*(\, r), respectively.

For a collection of particles, the volume coefficients are given by

g\ = / T o\ P)n(r) dr = / TR QP O () dr, (129)

0 0

g0 = [ e on)dr = [T Qe mn(r) dr, (130)

0

B(N) = / Tt O, Pn(r) dr — / T2 QON (A ryn(r) dr,  (131)

0 0

where n(r) represents the number of particles with radii between r and r+dr
per unit volume. It is also useful to define the quantities per particle i.e.

a_abs()\) _ /OOO O_absn(r) dr / /OOO n(T’) dr — ﬁal;\sf()\)7 (132)
PR (\) = /OOO a*n(r)dr / /OOO n(r)ydr = 5522)‘)’ (133)
F™(\) = /Ooo o™'n(r) dr / /OOO n(r)dr = 66;(()/\) ; (134)

where 2*5()\), 6”2%()\) and 7°*()\) are the mean absorption cross section,
the mean scattering cross section and the mean extinction cross section re-
spectively.
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6.2 Back Scatter

mm to be done mm

6.3 Phase Function

The phase function represents the redistribution of the scattered energy.
For a collection of particles, the phase function is given by

P(\0) = /0 T2\, ) PO, 7 )n(r) dr (135)

1
Bsca
6.4 Single Scatter Albedo

The single scatter albedo is the ratio of the energy scattered from a particle
to that intercepted by the particle. Hence
ﬂsca()\)

“N = Gy (136)

6.5 Asymmetry Parameter

The asymmetry parameter is the average cosine of the scattering angle,
weighted by the intensity of the scattered light as a function of angle. It
has the value 1 for perfect forward scattering, 0 for isotropic scattering and
-1 for perfect backscatter.

g = ﬁia /OOOWTQQsca()\,T)g()\,T)n(T)dr (137)

6.6 Integration

The integration of an optical properties over size is usually reduced from
the interval r = [0,00] to r = [r, 7] as n(r) — 0 as r — 0 and r — 0.
Numerically an integral over particle size becomes

[ somiry e = 3w (139)

where w; are the weights at discrete values of radius, r;.
For a log normal size distribution the integrals are

2
BEXt()‘) _ ](\J_[O\/Z/muTQeXt()\,T)eXp [_; (hl?‘—glﬂ?”m> ] dr (139)
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6abs(>\)
EANOY

P()0)

where

N, » 1 (Inr;—Inry, >
O-O\/Z;wiricgext<)\’ri) exp [_2 (1’17"0-117"> ]
Z ngeX%)\a ri)

i=1

Z 1 yabs

szQ (Aari)

i=1

Do wiQ* (A7)

i=1

2
N[) 1 / Qsca(/\ T’)P()\ T, 9) exp [_2 <1nr01nrm> ] dr

Bsca

N[) 1 /Inr, —Inry 2
- ' sea A 7 A? 170 A - _
BscaZwrQ i) PN T )exp[ 2( - )]
1 n
— Z wiQ** (N, r;) P(A\, 14, 0)
5503, =

No [m 1 oo . 1 (Inr—Inry,\’>
? 2/Bsca/o TQ ()\,T') ()\ T) eXp[ 5 (0‘) ] dT’

N, 1 7y
—O ZwZnQS% (A, 73)g(A, r;) exp [ nnTAr ) ]

ﬁsca

550a Zw Q** (N, i) g(A, )

Ny [m 1 /Inr; —Inry 2
= 0/ . i e . 14
. 2mexp[ 2( - ) w; (140)

6.7 Formulae for Practical Use

As part of the retrieval process it is helpful to have analytic expression for the
partial derivatives of ' (Equation 139) with respect to the size distribution
parameters (No, 7'y, 0).

aﬁext
0Ny

8 Bext

\/7/ Q™ (\, 7 exp[ (Inr— lnrm) ] dr, (141)

Orm

oxt (Inr — In7ry)?
rma3\/7/ (Inr — Inry)rQ (A, r) exp[ BT R dr, (142)

30



Some Useful Formulae for Particle Size Distributions and Optical Properties

ext [e%¢) — 2
5§ = —Ng\/?/ Q™ (\, ) exp [—(hlr 1;1Tm) ] dr
g

NO\/>/ (Inr — lnrm) QO T)expl (Inr — l;lrm) 1 ar.

= \/>/ llnrlnrm) - 1] rQ(\, 1) exp l (Inr — lnrm) ] dr.

(143)

To linearise the retrieval it is better to retrieve 7' (= In Ny) rather than Nj.
In addition to limit the values of r,, and o to positive quantities it is better to
retrieve [, (=Inry,) and G (=1Ino). In terms of these new variables volume
extinction coefficient for a log normal size distribution is

ext _ eXpT\/7/ 2l ext l )\ (l l ) dl 144
& expG @ ) exp C2exp(2G) | (144)
The partial derivatives of the transformed parameters (Equation 144) are
0B exp T \[ Q2L ext (= lw)*
— ex 14
aT exp G / QLA exp " 2ex xp(2G) (145)

a/BeXt expT \/7 o2l t (l m)2
— - m o 14
Ol exp(3G) / @7(LA) exp 26Xp(2G dl, (146)

o=t expT \/7 2 ext (= lw)*

oG~ exp(@ / QT A) exp ~ 2exp(2G) di

et / (= tm)* a1 pext ( Im)?

eXpG\/> 0o exp( 2G @7 A) exp G) dl,
(

exp(
expT / (1 —Im)? 2l oext
= 1 /= (1, N)
exp(G lexp 2G) @ ) exp

e,

(147)
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6.7.1 Extinction Limits for a Log-Normal Distribution

mm to be done mm

In section 2.2.2 the limits for calculating the integral of a log-normal
distribution where found as a fraction of the mode value. A similar problem
occurs when determining 3.

If we consider the extinction efficiency to be a function of 1/z for size
parameters less than 6 and 2 greater than 6 then there are three cases to
consider.

i Both r_ and r, are such that the x values of interest are less than 6.

ii Both r_ and r, are such that the = values of interest straddle 6 but
mode is < 6.

iii Both r_ and r; are such that the = values of interest straddle 6 but
mode is > 6.

iv Both r_ and r, are such that the x values of interest are greater than
6.

Case i The function of interest becomes

") = aemsr P T s (148)

noting that r,, is now just a parameter and not the median of this distribu-
tion. Let

No 1 1 [ (1117“—1117”111)2]

Ny 1 1 (Inr —Inry,)? A
") = g P l_ onzs | 2 oPlBl (149)
N ]_ 1 - 1 m 2 dB l - 1 m
where A = Mo L p_ (wr—lr)? o dB_ (or =)
V2rIn S 2In° S dr rin® S
then
dn(r) A A dB
o = —25 exp [B] + 3 OXD [B] . (150)
A A (Inr —Inry)

Setting the left hand side to zero so r = ry

(Inry — Inry)
“I“HQ S (152)

Inry = Ilnry, —2In%S (153)

0 = —2—
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The peak value of the distribution (at the mode) is then

Ny 1 1 . (Inry, — 2In? S — In T )?
X E—
V21 In S (exp(Inry, — 21n? S))2 P 21n* S

Ny 1 1 . (—21n* S5)? (154)
= X I e—
V2rIn S (exp(2(Inry — 21n* S))) P 21n* S

No 1 1 2
= —2In" S 155
V2rIn S (exp(2(Inry — 21n% S))) exp { i } (155)

N
= \/20_7rlnS exp [ 2In* S — 2(Inry, — 21n S)} (156)

Ny 1
— J;_Wlnsexp{ 2(In7y — In*S)] (157)

If some fraction 7 of the peak value is chosen then distribution limits can be
calculated from

Ny 1 le (Inre —Inry)? Ny 1
PR X J— f—
Varin g2 P 21 S " orIn S

n(ry) =

exp [ 2(Inry, — In? S)]

1 —Inry,)?
exp [_(nrglnzgr ) 1 = nriexp {—2(1117‘][11—1n2 S)}
1 —1 m 2
_(nr;l 21;7“ ) = Inn+2nry —2Inr, +2In*S
n
In?ry —2lnrypInry +1In?r, = —21n281n77—41n251nri—|—4ln2Slnrm—4ln4S
In?ry 4+ (4In*S —2Inry)Inry +Inr, = —2I*Slhn+4mn®*Slnr, —4In*S

In?ry + (4ln25—21nrm) Inry +In’ry +2n?Snn —4n*Snr, +4In*s = 0

which has solution

(41n* S —2In7y,)
2

\/(4ln25— 217,)2 — 4 (0% 1y, + 210% Sy — 410 Sy, + 410 S)
+
>

= —2n*S +Inr, £1/-2In* Sy (158)

The value in square root is positive as 7 is always less than one e.g. 1073,

lnri =
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Case ii r_ as in case (i). r; found through

No 1 1 (Inry —Inry,)? No 1 9
I — = 2(1 -1
V2rnSr, eXp[ 2102 S 77\/_1 seXp[ (tnry, —In* 5)|
1 (Inry —Inry)?
Eexp [— T2 S = nexp [—2(lnrm — In? S)}
1 —1 2
L nr; oz r;ﬂm) = Innp+lnry —2(Inry, —In?S)
—ln2r+—|—21nrmlnr+—ln2rm = 21n251nn+2ln251n7’+—41n25(lnrm—ln28)
In*ry +2(In®S — Inry)Inry +In’r, +n®S(4n*S +2Inn —4Inr,) = 0
Inr, = —(anS—lnrm):I:\/(lngS—lnrm)Q—1n2S(41n2S+21n7}—41nrm)—1n2rm.

6.8 Cloud Liquid Water Path

The mass [ of liquid per unit area in a cloud with a homogeneous size distri-
bution is given by

= ,0/ —mr’n(r)dr x z (159)
where p is the density of the cloud material (water or ice) and z is the vertical

distance through the cloud. The liquid water path is usually expressed as
gm~2. Note that

o= Bz (160)
SO
Ooé 3 d
| = pri 3W£e£(r) - (161)
4 e d
= 7T o ronlr) dr (162)

JoZ mr2Qet (N, r)n(r) dr’
For drops large with respect to wavelength we assume Q®*(\,r) = 2. Hence

dr
;lp §0 r2 nE ;dr Z'OTTG (163)
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A

So for a water cloud (p =1 g cm™?) of 7 = 10, r, = 15 um we get

s

| = - x1x10x15gcm 3um =100 gm~2 (164)

& wl o

While for an ice cloud (-45 °C, p = 0.920 g cm™3) of 7 = 1, 7. = 25 ym we

get

2
[ = 3 % 0.92x1x25gcm2um=15gm™? (165)

6.9 Aerosol Mass

Consider the measurement of optical depth and effective radius made by a
imaging instrument. How can this be related to the mass of aerosol present
in the atmosphere? Consider a volume observed by the instrument whose
area is A. If p is the density of the aerosol and Z is the height of this volume
then the total mass of aerosol, M, in the box is given by

M = pxuvxNxAXZ (166)

where N is the number of particles per unit volume and v is the average
volume of each particle. If we divide both sides by A we obtain the mass per
unit area m, i.e.

m = pxuvXNXZ (167)

This formula can re-expressed in terms of more familiar optical measurements
of the volume. First note that the optical depth is related to the 3¢ by

T = B xZ (168)
so that
pXUXNXT
m = ot (169)
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For a given size distribution n(r) the average volume of each particle is

0 Loy n(r)dr

= 3 1
v N (170)

so that the mass per unit area is given by

/ —mrin(r (171)

Bext

The important thing to note here is that N disappears explicitly from the
equation.

For optical measurement it is more common to know the effective radius
rather than the full size distribution. In terms of r. the mass per unit area
is given by

4 00 d 4
m = 7TPT/ rn(r) dr x o rn(r) dr _— Te (172)
355 o Ji=rPn(r) dr ~ 3G
which uses an area weighted extinction efficiency

Bext B fOOO O'eth(T) dr B fOOO 7TT‘2QeXt ( )
T [ rn(r)dr [ arin(r)dr [ ar2n(r)dr

Qext (173)
If the particles with the size distribution are mostly much larger than the
wavelength then Q% — 2 and Q®* &~ 2. With this assumption Equation 163
becomes identical to Equation 172 whose derivation made the same approx-
imation.

If the aerosol size distribution is log-normal with number density N,
mode radius r,, and spread o then the integral in Equation 171 can be
completed analytically i.e.

4 9
m = B'OE;SWNOT exp (202) (174)

3

Typically p is in gem ™3, Ny is in ecm™3, 7, is in pm, and 8% is in km™! so

that the units of m are
aramm’ g 1
o 10-6m? 10-6 m3
m
Table 4 list the bulk density of some aerosol components.

If the effective radius, r., is known rather than r,, then we can use the
relationship between r, and 7,

107 ¥ m?10°m = 10 g m=2 (175)

Te = Tm€XP <502)7 (176)
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Substance Density (g cm™3) Reference

Ice 0.92
Volcanic ash  2.42+0.79 Bayhurst et al. (1994)
Water 1

Table 4: Density of some materials that form aerosols.

to get

dpTm N 15 9 dpTm N
m = g;erxt %13 exp (—202) exp <202> = g;ZXt %13 exp (—302) . (177)

Equating this expression to Equation 163 gives

ﬁext

Next
@ = mNor2 exp (—302)

(178)

which is true for a log-normal distribution.
For a multi-mode log-normal distribution where the i*® model is param-
eterised by N, r;,0; and density p; we have
XpXNXuv . ZNlU’L

ext n .~ext
B i=1 Nzai

where 6¢*' is the extinction cross section per particle for the i*" mode. Re-

member the volume per particle for the i*"mode is

4

: 9
v = gﬁrfexp (201'2> (180)

Hence

n 4 3 9 2
>y pilNiz Ty exp (501-)
T -
n 3 9.2
4 iy pilNiri exp (5‘71)

_ 4 182
37T Y Nooe (182)

(181)
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List of Symbols

r radius
[ natural log of radius
Te effective radius
T'm median radius
rm  mode radius
Mo  arithmetic mean
[g  geometric mean
09 standard deviation
o,  geometric standard deviation
Ve effective variance
i" moment of a distribution
Ny number of particles per unit volume
N(r) the number of particles with radii between r
and r + dr per unit volume
n(r) differential radius number density distribution
Ap  particle area per unit volume, surface area
density
A(r) the surface area of particles with radius be-
tween r and r + dr per unit volume
a(r)  differential area density distribution
Vo volume density
A(r)  the volume of particles with radius between r
and r + dr per unit volume
v(r) differential volume density distribution
My  mass density
M(r) the mass of particles with radius between r
and r + dr per unit volume
m(r) differential mass density distribution
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asymmetry parameter, 29

central moment, 3
cloud liquid water path, 34

effective radius, 3
effective variance, 3

gamma distribution, 21
geometric mean, 2

geometric standard deviation, 2
geometric variance, 2

inverse modified gamma distribution,
24

logarithmic normal distribution, 6

mean, 2

median, 2

mode, 2

modified gamma distribution, 19
moment, 3

normal distribution, 6
phase function, 29

raw moment, 3
regularized power law, 25

single scatter albedo, 29
size distribution, 1
standard deviation, 2

variance, 2

volume absorption coefficient, 28
volume extinction coefficient, 28
volume scattering coefficient, 28
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