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Electromagnetic Waves

2.1 The Nature of Light

Light behaves like a wave phenomenon, but in other respeetss like a stream
of high-speed, submicroscopic particles. In this sectienane concerned with the
properties of light that are best understood by consideligig to be a wave-like
phenomenon.

When characterising a wave we describe its height or ampliund its wavelength
as shown in Figure 2.1. If the wave in Figure 2.1 were propagatith velocity v
then at a fixed point the number of wavelengths that would passnit time i.e. the
frequency of the wave is

v=V/A (2.1)

The number of waves per unit distance is the spatial frequenevavenumbery,”
and is defined

7=1/4 (2.2)

2.1.1 Electromagnetic Spectrum

The regions of the electromagnetic spectrum are not wekedfi

2.2 Wave Equation

A wave is a displacement in a medium or a field. Waves that nefmabne place

are called standing waves. Waves that are moving are ca#ledlling waves, and
have a disturbance that varies both with time and locatioravelling waves are
important because their motion transports energy. FigiBes2ows an example of
a travelling wave. The amount of energy that flows per secandsa a unit area
perpendicular to the direction of travel is called the isignof the wave. If the wave
flows continuously there is an energy density such that ttemgity is given by the
product of the wave velocity and the energy density.

11
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FIGURE 2.1

A sinusoidal wave.
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Electromagnetic spectrum.
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TABLE 2.1
Naming of the Electromagnetic Spectrum
Wavelength Name Comment
ultra violet the region beyond visual perception
315-400 nm ultra violet A the region beyond visual perceptio
280-315 nm ultra violet B the region beyond visual perceptio
<280 nm ultra violet C  the region strongly absorbed in the
atmosphere and undetectable at the
ground
0.7um visible the region of human visual percep-
tion

0.7- 1000um infrared
0.7-3.7um near-infrared the region beyond visual perception
where the Sun’s radiance at 1. A.U.
is stronger than the radiance from
the Earth
0.7-1000um  mid-infrared
0.7-100Qum  far-infrared

2.2.1 Waves in One Dimension

Let f(z t) describe the perturbation from equilibrium of some qugreis a function
of locationz and timet. For examplef(z t) could represent the displacement of a
string held between two points where the displacement issared in a direction
orthogonal to the line of the string. The classical wave &qoa

ot 16%f
02 V2 ot2

describes waves propagating with velogiin one spatial dimensiorz), The general
solution of this diferential equation is of the form

(2.3)

f(zt) = h(z-vt) + g(z+ vt) (2.4)

whereh(z — vt) represents a wave of shapg) (at timet = 0) travelling at constant
speedv in the positivez direction. The second termy(z + vt), represents a wave of
shapey(2) (at timet = 0) travelling in the negative direction at constant speed

An important solution to the wave equation is a sinusoidalerdescribed by

f(zt) = Agcoskz— wt + 6) (2.5)

whereAy is the amplitude of the wave. The amplitude is the maximunevahat
f(z t) can take while the argument of the cosine function is reféto as the phase,
¢, of the wave so

¢p=kz—wt+6 (2.6)

wherek is angular wavenumber and is the angular frequency of the wave. The

phase @seto is included in Equation 2.5 to account for the phase at thgiroat
t=0.
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FIGURE 2.3

A travelling wave at three flierent timed;, t; andts such thatz > t, > t;.

The ratio of the angular wavenumber and the angular frequéefines the phase
velocityv, i.e.
w
V= F (27)

The phase velocity denotes the speed of propagation of @ poithe wave. As
cosd = cos(—6) a harmonic wave travelling in the positizalirection can be repre-
sented by

f(z t) = Agcoskz— wt + 6) (2.8)

or by the conjugate form
f(zt) = Agcost-kz+ wt - 6) (2.9)

In this text choice has been made to use the form of equati@ns 2

2.2.2 Waves in Three Dimension

When expressed in three dimensions the wave equation is
?Pf Pf Pf 16
s = 2.10
P oy? T2 T\ or (2.10)

wherev is the wave speed. The is equation is usually expressed mocastly by
using thev? operator

o>t 0°f 9*f
2 —_ — — —
vef = e + oy + 7 (2.11)
giving
2
v2f = 19 f (2.12)

T2 o2
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k 8,

FIGURE 2.4
Stylized view of a) a plane wave propagating in directkoand b) a spherical wave.

This equation was two important solutions:a plane wave asuharical wave.
A plane wave such as the one shown in Figure 2.4 is a wave wiheitfaces of

constant phase are infinite parallel planes normal to treetiim of propagation and
is described by

f(r,t) = Agcosk - r — wt + 6) (2.13)

wherek = kk is the wave vectorkbeing the wavenumber). The position veatds
defined as

r=xe +yg +7& (2.14)

The wave function used so far has been a scalar function afitotand position.
This is adequate to describe, for instance, a pressure wdwe/ever if the wave
describes a field strength where the field has a directionttreeamplitude is itself a
vector.

If the choice of axes and time is arbitrary then it is oftenwvement to chose the
origin and start time to ensute= 0, so thatd, is entirely real, and, to define the
axis as the direction of propagation so that wave amplitadesn thex — y plane.
Adopting these choices gives the plane wave expression as

f(zt) = Apcoskz— wt). (2.15)

A spherical wave has a constant phase on a sphere of any gieis r, at a given
time, t, so that the solution to the wave equation is

f(r,t) = @ coskr — wt). (2.16)

In these cases it is usually easiest to use spherical padadioates so the amplitude
of the wave is on thé — ¢ surface. Unlike plane waves th&ective amplitude of
spherical waves is not constant but decreasegras 1
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2.2.3 Complex Representation of a Harmonic Wave
It is straightforward to show that
f(z t) = Agd =) (2.17)

is a solution of the wave equation whekg is the amplitude andz— wt + ¢ is the
phase of the wave. At any given time the wave amplitude isrgixethe real part of
this expression. The phasé&set can be included in the amplitude

f(zt) = Age®z eV (2.18)
where the complex amplitud& is
Ay = Aye? (2.19)

The energy carried by a wave is proportional to the amplisgleared|A|?, which
is the same aBoAj; or AgA; where the asterisk represents the complex conjugate.

2.2.4 Principle of Superposition

To understand what happens when two (or more) waves ocche a&aime time we
invoke the principle of superposition - the displacemerarof point due to the super-
position of wave systems is equal to the sum of the displanesred the individual
waves at that point. This is shown mathematically using talat®ns to the wave
equation,fy(r,t) and fy(r,t). Then

1 Bzfl 1 (92](2 _ 1 62(f1 + fz)
V2 o2 V2 a2 2 a2

It is important to realise that it is the amplitudes of the emthat are being com-
bined. So what happens to the energy when, for example thesxammbine to can-
cel out? In this case energy is not conserved locally as teef@rence between the
waves shifts the spatial distribution of energy. Energyasserved by considering
the spatial domain as a whole.

An arbitrarily shaped wave can be re-expressed in termsaésidal basis func-
tions, i.e. as an integral of sinusoidal functions mulédlby some cd&cients. The
solution for an arbitrary function is formed by combing ttwusion for each sinu-
soidal component. This idea is shown graphically in Figuge Zor this reason a
description of the propagation of waves is usually limiteth&rmonic waves, know-
ing that the general problem can be represented by decongpasiarbitrary shaped
wave into a harmonic wave sum.

Waves that are composed of a single frequency are called chomoatic. No
physical source is truly monochromatic but many are vergelso it is a useful
mathematical abstraction. Light can also be described hsrent or incoherent.
Coherent radiation emitted by a source occurs when all graehtary waves emitted
have a phase flerence constant in space and time. Laser light, for instacae
be confined to extremely narrow spectral range and is coheMaturally emitted
radiation by processes in the Sun’s or Earth’s atmospheralsa be monochromatic
but this radiation is generally incoherent.

V2(fy + fo) = V21 + V21, = (2.20)
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solve individually,
recombine to give solution

f(r,t=0)
+
+

! Wy
FIGURE 2.5
An arbitrary shaped wave can be decomposed into the sumusaas. Thus finding
the wave solution for an arbitrary shaped wave is convertexifinding the solution
for a sinusoid of arbitrary frequency.
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2.3 Light Waves in a Vacuum

The electromagnetic state in a vacuum can be specified by éatons, the electric
field E and the magnetic fieldi. If the fields do not change with time then they do
not interact. If the fields change with time then they influeach other following
Maxwell's equations for a vacuum. These relationships are

V.E=0 (2.21)
V.-H=0 (2.22)
oH
VXE = —un— 2.23
X Ho— (2.23)
oE

A\ = e— .

XH = e (2.24)

whereug andey are respectively the permeability and permittivity of tleewum.
To decouple the electric and magnetic components of thasatieqs it is useful
to introduce the vector identity

Vx(Vxr)=V(V-r)-V2r) (2.25)
for some vector. Using this relation gives
Vx(VxE) = V(V-E) - V’E| = -V’E (2.26)
Substituting in Equation 2.23 gives
oH 0
2k _ _ gy = -~
V2E = Vx(,uoat) yoat(VXH) (2.27)

Substituting in Equation 2.24 gives

d%E
V2E = HoGo (2.28)

Similarly the curl of Equation 2.24 gives
2 9 oE 0
V x (VxH)[= V(VH) - V*H = —-V?H| = -V x o | = 0 (VXE) (2:29)

Substituting in Equation 2.23 gives

°H
e
Both Equation 2.28 and 2.30 are of the form of the wave egnaterived in Sec-
tion 2.2 with a phase speed vt ¢ = W—loTo i.e. the speed of light. The plane wave
solutions are

VZH = Mo€o (230)

E(r,t) = Ege® Tt (2.31)
H(r,t) = Hoe®k -+ (2.32)
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Magnetic field vectors '\)\‘

Electric field vectors X é,

FIGURE 2.6
Electromagnetic wave.

wheres is the phase fiiset between the electric and magnetic waves. Substituting
these expressions into Maxwell's equations showsdmatist be 0 and

k x E(r,t) = uowH(r, 1) (2.33)

i.e. thatk, E andH are mutually perpendicular vectors akgr,t) = cB(r,t) as
¢ = w/kandB(r,t) = ugH(r,t). Figure 2.6 depicts the resulting electromagnetic
wave.

2.4 Light Waves in Matter
2.4.1 Matter & Polarizability

RERER | |

RERER
| borothe

[Tl DT T[]

(2) (b)

FIGURE 2.7
Representation of the application of an electric field to @paductor and b) an
insulator.

Although matter comes in many varieties — solids, metasssgs, liquids gases
— most material can be classed as either a conductor or tosémmetimes called
a dielectric). In a metallic conductor electrons are freentive within the material
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while in a liquid conductors it is ions within the fluid that '@ When an electric
field is applied to a conductor the electrons (or ions) movetm a surface charge
and the net electric field within the conductor is zero. Inm@sulator each electron
is attached to a particular atom and the application of actréidefield may distorts
their location. This is shown schematically in Figure 2.4.1

The movement of charge within a dielectric is captured inctwecept of an elec-
tric dipole, p is defined as the spatial-mean charge. For a discrete setludirges
O1,02,03 . . . On @t locationg 1,1, r3...r, the electric dipole is

p=> ar. (2.34)
i=1

For a continuous charge-distributipn

p= fffrp(r)dxdydz (2.35)

Some molecules have an asymmetric charge distributiongifias rise to a per-
manent electric dipole. Examples of polar molecules ay® HCO, NH; and HF.
Under influence of an electric field the charge-distributian distort and change the
strength of the electric dipole. The strength of the indudipdle p is a function of
the applied electric field as

p=caE. (2.36)

wherea is a second rank Cartesian tensor called the polarizabiliig polarizability
describes the ease by which a material can be polarized tinelénfluence of an
external electric field. If p is parallel toE thena reduces to a scalar.
The value ofa and its units depends upon the system and definition adopted.

If Equation 2.36 is in Sl units then the units efare Cn¥V-. The units fora
become criin the cgs system. Finally if the polarizability is defined through the
expression

p = 4repa’ E (2.37)

then it has units of f

2.4.2 Maxwell's Equations for Light in a Medium

When fields are present in a material they act on the electamsions to induce
electric and magnetic dipole moments. Generally a matasialeutral but in re-
sponse to the applied field the charge distribution may shefhting dipole moments.
Currents induced in the material can generate magneticldiproments. If the ap-
plied fields vary with time the induced electric and magnéipmles will generate
electromagnetic waves that interact with the incident wamd alter its propaga-
tion characteristics.When an electromagnetic wave travels through a material the
oscillating electric field sets some of the electrons in tleslimm into forced vibra-
tion. The vibrating electrons will generate new waves ofrtben. If the vibrating
electrons are dficiently close together they will be driven coherently. Thattered
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wave can be superimposed with the incident wave to give dsbd wave in the
material. If the electrons are far apart compared with theetesngth of the radiation
the electrons are driven incoherently and a scattered vesigts.

In matter the electromagnetic state is described by fourosaopic quantities:

¢ p — he volume density of electric charge,

e P — the volume density of electric dipoles,

e J—the current density i.e. the electric current per unit area
e M — the volume density of magnetic dipoles.

These quantities are considered to be averaged over a voduetieninate the varia-
tions due to the atomic structure of matter. Consider maops form of Maxwell's
equations in terms of the macroscopic fiely88 and the macroscopic charge density
o and current density.

ve=L_Llyp (2.38)
€0 €0
V-H=-V-M (2.39)
oH oM

VXE = —ug— — po— 2.40

X Hozr — Hopy ( )
OoE 0P

\Y =e—+ — .

x H 606t+6t+J (2.41)

To understand the behaviour of the wave in a medium Maxwetjisations must be
supplemented by the material equations which describeghaviour of substances
under the influences of a field. Dielectric materials becomlansed in an elec-

tric field with the result that electric field is greater thamvbuld be in free space.
Therefore it is useful to define the electric displacenizias

D=egE+P (2.42)
and the magnetic inductioB, as
B = uo(H + M) (2.43)

These definitions allow Equations 2.38 to 2.41 to be exptessa more compact
formi.e. E, B and the macroscopic charge dengitgnd current density.

V.-D=p (2.44)
V.-B=0 (2.45)
oB
VXxE=-— 2.46
X 5 (2.46)
oD

VxH=— 2.47
X 5 +J ( )
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2.4.3 Maxwell's Equations in a Non-magnetic, Neutral Medium

Most media encountered in the atmosphere are non-magnetiar@ electrically
neutral so that botM andp are zero. Equations 2.38 to 2.41

1
V.E=-2V.P (2.48)
€0
V-H=0 (2.49)
oH
VXE = —uy— 2.
X Mo ot ( 50)
OE 0P
VXH—EOE+E+J (251)

A wave equation solution for the electric field can be derif@tbwing the same
steps as in Section 2.3, i.e. taking the curl of Equation 8i%€s

Vx(VXE)=Vx (—,uo%) (2.52)

OE 2P dJ
V2E - = up—— = 2.53
= €05 = Ho gy + Ho o (2.53)

The two terms on the right hand side of Equation 2.53 are duketgresence of
polarization charge and conduction charge respectivelynBn-conducting media J
= 0 and only the polarization term is important. For strongipducting media the
conduction charge term dominates. Here we only considepriy@agation of light

in an isotropic dielectric. Light propagation in metals ®vered by, for instance,
Fowles[1989].

2.4.4 Light Waves in a Linear Medium

In generaB (or D) is not even a unique function &f (or E), but depends upon the
earlier time evolution (hysteresis). If the field the maikgroperties are isotropic
and linear with respect to the imposed field so that

J=0cE (2.54)
D=¢E =¢e(l+x)E (2.55)
B = uH = po(1 + xymH (2.56)

whereo is the specific conductivitys is the permittivity,y is the electric suscepti-

bility and i is the magnetic permeability angl, is the magnetic susceptibility.
Inserting the linear expression for displacement (Equais5) into Equation 2.42

allows the polarization to be written as a function of thelegapelectric field i.e.

P=D-¢eE = (- g)E (2.57)
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mm B |n the absence of any free charge or free currents equatighto XX
simplify further to Maxwell’s equation become:

V-E=0 (2.58)
V-B=0 (2.59)
0B
VXE=-— 2.
X 5 (2.60)
oE
VXB=ue— 2.61
xB = pe— (2.61)

These are the same as the Maxwell equations in a vacuum ekegpse; has been
replaced withue. This implies that electromagnetic waves propagate thralmear
medium at a speed= ?}m The ratio the speed of light in a vacuum to the speed of
light in a medium is the index of refraction For most materialg is very close to

Mo SO
~ . Cc
A=ntik=-=|H ~ [& (2.62)
\ €olo €0

FIGURE 2.8
Decay of an electromagnetic wave as it enters a electricalylating, non-magnetic
material.

In an electrically insulating, non-magnetic material, fiiane wave solution of
Maxwell's equations in a medium of permittivityis

E(r,t) = Ege®k TV (2.63)
Substitutingk = ¢(n+ ix)k into the wave equation gives
E(r.t) = Eoei[w(n/c)R~r—wt] e—w(x/c)k.r (2.64)

This represents a decaying wave wheetermines the absorption andhe phase
velocity. The situation is illustrated in Figure 2.8. Therslepth,dsxin, is the dis-
tance a wave penetrates before its amplitude is reduceddypénce

c A
Oskin = —

= — 2.
WK 21K (2.65)
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The penetration depthipenetration IS the distance a ray travels in an absorbing medium
before its energy has been reduced by a factor/ef As the energy of a wave is
proportional to amplitude squared it follows

5penetration= 265kin (2.66)

For light with a wavelength of 0.5Bm the penetration depth varies from3.5 um
for k = 0.1 to ~ 350um for xk = 0.001.
Finally confusion can arise if an electromagnetic wave [sasented by

E(r,t) = Ege/@k" [conjugate form] (2.67)

The corresponding representation of refractive index=isi— ix to ensure the wave
decays in the direction of propagation in an absorbing nrediu

2.4.5 The Dielectric Sphere Model

A simple model of an atom, of radiws consists of a positive nucleus (chargg)
surrounded by a uniformly charged spherical cloud (totalrge—q). The electric
field a distance from the centre of a uniformly charged sphereDsiffin, 1990]

qr
Aneqas
If an electric fieldE is applied then the nucleus will be displaced a distatheach
that the external force from the field will cancel the intérfmace from the charge
distribution i.e.

Eint = (2.68)

qd
= 2.69
Arenad ( )
which can be rearranged to give
p = qd = 4rea’E. (2.70)

A simple description of an atom (or non-polar molecule) isvedé equal and oppo-
site charges that move apart under the influence of an eldietid to create a dipole.
This is shown schematically in Figure 2.9. If the molecules golar then the ori-
entation of any dipoles present will be insignificant forthfgequency optical fields
[Kerker, 1969]. The tendency for charge to separate within an atomalecule
is encapsulated in the polarizabilitywhich is defined as the mean electric dipole
moment per unit field, i.e.

p =«aE (2.71)
The polarizationP is defined as the mean dipole moment per unit volume. If an
isolated sphere of radius is illuminated by a beam of linearly polarized light it
becomes polarized. The electric potentiat position ¢, 8) can be determined using
Laplace’s equations with appropriate boundary condit[daskson1999] as

n = pypn 2E0r cosh r<a (2.72)
(/e —1)@°

VOU'[ = —r COSGEO + mr—on coso r>a (273)
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4 po=qd

(@ (b)

FIGURE 2.9

a) Neutral atom or molecule modelled as central positivegghaurrounded by equal
and opposite charge. b) Slight separation of charge oncgtigih of an electric field
and equivalence to a dipole.

wheree is the electric inductive capacity of the sphere. The dlefield is deter-
mined usinge = —VV. Inside the sphere this gives

3

=—F 2.74
eleg+2 0 ( )

in
so that the electric field is uniform and parallel to the axétfield. Using the rela-
tionship between polarization and electric field in a linegdium (Equation 2.57)
gives
€leg—1 2

-1
Eo = 360———E 2.75
€/leg+ 2 0= SR 50 ( )

From which the dipole moment of the a dielectric sphere is

P= (6 - Eo)Eo = 360

p= gneﬁp (2.76)

and the polarizability is

_ _ "2 _
_M_4ﬂ_a3366/60 1 4 €/eo 1—4713 -1

= = — = = a 2.77
@ [Eo) 3 0e/eo+2 d 606/60+2 Ry 2 ( )
Outside the sphere the electric field giventby: —VV is
. A (eleo-1)a@ . A
= - ——— —Ep(2 . 2.7
Eout = Eo(cos#t — sing ) + (et )13 o(2 cosHt + sind ) (2.78)

which is the sum of the original field and the field due to thaicet dipole moment,
p.

The resultant electric field lines inside and outside theesplare shown in Fig-
ure 2.4.5. Itis important to recognize that the dielectpioere influences the electric
field outside its own physical dimension.
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FIGURE 2.10
Resultant electric field near a dielectric sphere in a constaplied field.

2.4.6 The Classical Damped Harmonic Oscillator

In a non-conducting isotropic medium the electrons are paantly bound to the
atoms comprising the medium. Consider a macroscopic volon&iningN elec-
trons per unit volume. If each electron of chargeis displaced a distanaefrom its
equilibrium position the polarizatioR of the medium is given by

P=-Ne (2.79)

In the classical harmonic oscillator model of a moleculeakie of the complex
refractive index can be found by solving the equation of orofor an electron driven
by a force due to the imposed electric field,

mi' + myf + mwr = —eE (2.80)

wheremis the mass of the electrony is the natural frequency ands the damping
codficient. Equation 2.80 has the solution

J— L ‘eém, E (2.81)
w§ — w? = iwy

so that the macroscopic polarization is

&N/m

p-_ N
> .
w§ — w? —iwy

(2.82)
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Change in the values of permittivity (top) and refractiveér (bottom) about an
absorption band.

From the definitions of susceptibility and permittivity @lfows that follows that

£ 14 —zNez/ gmffj) (2.83)
€0 Wy — W —lwy
Using Equation 2.62 gives
(n—i)? =1+ m (2.84)
wy — w* = lwy
Equating the real and imaginary parts gives
N 2_ 2
?o2=1s N[ (@0-@) (2.85)
Meo | (w2 — w?)? + w?y?
Ne wy
-2k = — 2.86
7 e ((wg - w?)? + wzyz) (2.86)

from whichn andx can be determined. A plot of the changes in the component of
permittivity and refractive index about an absorption barelshown in Figure 2.11.
The shapes are very similar ...

This derivation assumed that all the electrons were idelyikbound. Instead
it is possible to assume our macroscopic volume contilimgoups of diferently
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FIGURE 2.12
Wave.Add equilibrium line

bound electrons where th& group with resonant frequenay; and damping con-
stanty;contains a fractiorf; of the total electrons. In this case the polarization is

expressed as

(2.87)

N
p:ﬂ ( f
w

—|E
2 i .
m =\ _‘”2_"“7')
and the corresponding formula from which the complex réfvadndex can be cal-
culated are

o, NE] [ f )
m—i?=1+ meo ; (wiz —w2)2+w2yi2 (2.88)
NE wyifi
2mk = Eo ;((wlz )2+ wzyiz] (2.89)

A plot of the change in refractive index about a collectioraborption bands is

shown in Figure 2.12.
The polarizability,a, can be derived from the principle of the dispersion of elec-

tromagnetic waves and it is given by
3 (n12 - 1)

@= 72N \me2 (2.:90)

whereN is the total number of molecules per unit volume and= n — ik is the
complex refractive index of the molecules. This equatiocdied thelLorentz-

Lorenz formulaZ*

*The equivalent formula in solid state physics is called theu€ius-Mossotti relation.
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2.5 Electromagnetic Wave Energy

The energy density, associated with an electric field is the energy per unitmau
and in free space is given b {ifin, 1990]

EZ
U = 20 (2.91)
2
The magnetic field contains
BZ
Ug = —2. (2.92)
2u0

These are equal amounts of energy so for an unpolariseda@tegnetic wave in a
vacuum the total energy density is

BZ
U= eE2=—2 (2.93)
Mo

If the electromagnetic wave is travelling at spedden in time intervalt the energy

FIGURE 2.13

An electromagnetic wave travelling at speed c and crossiray@aA will fill a box
of volumeV = cAt. If the energy density of the wave isthen the energy in the
volume isucAtA.

carried across an areis the product of the volume and energy density as shown
in Figure 2.5. The power per unit area associated with theewsayc. The Poynting
vector, S, is defined as the instantaneous energy per unit area peimaiflowing
perpendicular to a surface. For a linear medium the Poyweatpr is

S(r,t) = E(r,t) x H(r,t) (2.94)
For a plane harmonic wave this can be rewritten as
S(r,t) = Eg x Hocog(k - r — wt) (2.95)

Measurements of radiation are usually over an extendedgpedmpared to the pe-
riod of oscillation of an electromagnetic wave. What is meedus the average
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magnitude ofS. The average value of the Poynting vector for a plane harcneave
is

(S) = %EO x Ho (2.96)

as the average of co®sver a period is /2. This expression for the power per unit
area of a wave is the link between the electromagnetic treattof light and the
radiometric approach. The magnitude of the Poynting vechor be expressed in
several ways, e.g. &%y = Egp/cup andc = 1/ +/upeo in free space then
1E5 1
(S) = E% = EEOCEO [free space] (2.97)
which has the important implication that the rate of energwfis proportional to
the square of the amplitude of the electric field. Also
1 &  Eg
Sy=ZE? ==
S 2V 2%

whereZy(= +/uo/€o) is the resistance of free space and has a value 068Y.6

[free space] (2.98)

2.6 Polarization

An electromagnetic wave is characterized by electric angnatic vectorsE and
H which form an orthogonal set with the direction of propagatof the wave. In
unpolarized lightE andH have no preferred direction: the waves have electric and
magnetic field vectors in random directions in the planeagtimal to the direction of
motion. In polarized light there is a preferred directiontie electric and magnetic
field vectors in the wave.

In discussing electromagnetic waves we have assumed aaobmashplitude and
phase. However a light beam consists of many waves in ramicession. If the
end point of the electric field vector of an unpolarized ligpam was viewed from
the direction of light propagation the points would randpill a circle of radius
Eo. When the end point of the electric vector of a polarized liggam is viewed
along the direction of light propagation, it moves alongraight line if the light is
linearly polarized, along a circle if it is circularly polaed, and along an ellipse if it
is elliptically polarized. This idea is shown in Figure 2.14

Most light sources emit unpolarized light, but there areesgwvays light can be
polarized. Processes that give rise to polarization irekahttering by air molecules
and particles and reflection from the Earth’s surface. Atfethtment of polarization
in radiative modelling is necessary if the observing instent is sensitive to the
polarization state of the observed light. Alternativelgtmuments can be designed
which exploit their sensitivity to polarization state ardmovide information on the
atmosphere or surface.
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E() Eo
a) b) c) d)
FIGURE 2.14
Representation of the end point of the electric field vegtiaghe plane orthogonal to

the direction of propagation. The cases are a)unpolarigelihearly polarised, c)
circular polarization. d) elliptically polarised.

2.6.1 Mathematical Description of Polarized Light

Consider a polarized electromagnetic wave with propagatimstank and circular
frequencyw moving in thez direction. To describe the state of polarization of the
wave choose an arbitrary pair of directions at right-antjiaslie in the plane orthog-
onal to the direction of propagation. If the two componemnéscenoted by subscripts
b andd respectively then the general elliptically polarized wesv@escribed in terms
of the two components by

E(zt) = Ep(z )& + Eq(z )&y (2.99)
where
Epzt) = Ep,d Y and Eg(zt) = Eq,’d®*e) (2.100)

where the phase fllerence between the componeitdhas been shown explicitly so
thatE,, andEg, are real. The amplitudes are given by the real part of eaatessjon
S0

Ep(zt) = Ep, coskz—wt) and Ey4(zt) = Eg, coskz—wt +6)  (2.101)

These two formula an be rearranged to give

Ep )2 ( Eq )2 Ep Eq :
=) +|=] +2=2=%"coss = sir?(5 2.102
(Ebo Eq Ep, Ed, @) ( )

This is the equation for an ellipse inclined at an angléy the E, axis as shown in
Figure 2.15. This angle is given by

2Ep, Eq4, cOSO

tanzy =
2 2
Ebo + Edo
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éd 4 (Eb COS 5, Ed)

a (Ep, Eqcosd)

v

(—Ey, —Ejcos0)

(—Epcosd, —Ey)

FIGURE 2.15

XXXX Path followed by the tip of the electric field vector whsomponents have a
phase dierence of. Note that direction of propagation is into the page. If thép
taken by the tip of the electric field vector is clockwise tipfarisation is called left-
handed. Conversely if the electric field vector rotates-eloitkwise the polarisation
is called right-handed.

The ellipticity of the ellipseg is determined from the length of the major and minor
axes,c andb respectively, i.e.

tang = xc/a (2.103)

By convention the ellipticity is positive for right hand jwization and negative for
left handed polarization.
Two special cases are important:

Linear polarization If § = mr (where m is an integer) then Equation 2.102 be-
comes

En Eq)
(—b + —") =0 (2.104)
S =
The waves in this case are linearly polarised.

Circular polarization If 6 = mw/2 (wherem = +1,+3,...) andE,, = Eq, = Eo
then Equation 2.102 becomes

E3+E2=E3 (2.105)

The waves in this case are circularly polarised.
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If only linear optical processes are considered then anoinggvave represented
by two field componentEﬁJUt and E%" can be represented by a linear sum of the

incoming beam componerE%n andE™ and some associated phase chakge kr),
Eout ei(kz—kr) a ag Ein )
| - 1 (kz-wt)
(&) T (w2 (eh) 2109

where theny, ap, ag, a4 are amplitude attenuation déieients associated with the pro-
cess involved.

2.6.2 Stokes Parameters

The state of polarization is specified by four parameters, &amwplitudes and the
magnitude and sign of the phasdtdience. Stokes (1852) introduced the four pa-
rameters to describe the elliptically polarized wave, defin

linst = EpEjy + EqEy = E5 + E§, (2.107)
Qunst = EvEjy — EaEj = Ef — EG (2.108)
Uinst = EoEj + EdE}, = 2Ep, Eq, COS6 (2.109)
Vinst = i [EpEj — EqEp| = 2E4,Eq, SN0 (2.110)

where the asterisk denotes the conjugate complex valuehanslibscript denotes
the parameters are instantaneous values. There are oedyitlttlependent quantities
as the parameters are related through

2 2 2 2

Iinst = Vinst + Uinst + Vinst (2'111)
When measuring a light beam, even for a very short time, magstremagnetic

waves with independent phases are collected. Consequeatgurable intensities
are expressed in terms of time averages. The Stokes pararhetmme

| = (E3)+(ED) (2.112)

Q=(E3)—<(ER) (2.113)

U = (2Eq,Ep, COSS) (2.114)

V = (2Eq,Ep, Sind) (2.115)
In this case

12> Q%+ U? + V2 (2.116)

and the degree of polarization of a light beam is defined
(QZ + U2 +V2)1/2
I

For linear polarization then either tlig or & component is zero and = V = 0.
Unpolarized light is characterised by the same electrid fiethe perpendicular and

P (2.117)
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parallel directions and by a random phase relation betweertvto components.
Natural light is unpolarized and can be viewed as the inattesum of two beams
polarised at right angles. So assuming these polarisatfentibns to bed, and&y
givesQ=U=V =0 and(E§O> = <E§0>.

2.7 Reflection and Transmission

Consider a plane harmonic wave incident on a boundary bettvezoptical media
that gives rise to reflected and transmitted waves, i.e.

E'(r,t) = ELdK TV incident (2.118)
E'(r.t) = EpdKr-en reflected (2.119)
El(r,t) = ELdK oD transmitted (2.120)

The magnetic field vectors follow from Maxwell’s equatiorss a

. 1 . A .
Hi(r,t) = —k' x Ej® oD incident (2.121)
MW
1 -
H(r,t) = —k' x Eje® =Y reflected (2.122)
Hw
1 " .
HY(r,t) = —k' x EL® oD transmitted (2.123)
MW
. z
E} A

Plane of incidence

FIGURE 2.16

As the energy reflected at a boundary does not vary with positiong the bound-
ary or with time there must be a fixed relationship betweerrtbieent and reflected
wave amplitudes. Similarly the transmitted energy doesvaof so similar condi-
tions apply.
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FIGURE 2.17

For the waves to be in phase at the boundary
Kor=k'-r=kb-r (2.124)

which implies the waves all lie in the same plane which isezhthe plane of inci-
dence and is shown in Figure 2.16. Evaluating the terms irmfimu2.124 using the
angles defined in Figure 2.17 gives

K'sing = K sin¢’ = k!sing (2.125)

Equating the first two terms gives the law of reflection, d.e= ¢". Note that as the
incident and reflected wave travel in the same m&diak’ so the refractive indices
ny, N, of the two media are related to the amplitude of the wave vebtough

_Kc _ Kc

n (2.126)
w w
t
np = Ke (2.127)
w
Equating the first and third term in Equation 2.125 gives Bniehw i.e.
K( c/w\ m sing
S x2E ) =2 =2 F 2.12
kt (X c/w) n, sind ( 8

2.7.1 Fresnel Equations

To calculate the reflected and transited amplitudes at adasyrit is convenient to
consider two orthogonal cases

¢ a harmonic wave whose electric field vector is perpendidaldhe plane of
incidence,

e a harmonic wave whose electric field vector is parallel toptame of inci-
dence.
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FIGURE 2.18

At the boundary the tangential components of the electdaaagnetic fields must
be continuous. Applying this to the first case shown in Figlife

E.+E, =E, (2.129)
—H! cos# + H' cost’ = —H' cos¢ (2.130)
Using the relationship between the magnitude of the eteatrd magnetic fields the
second equation becomes
—KE! cosd + KE' cost' = —K'E!, cosp (2.131)
Equations 2.129 and 2.131 can be combined to give the ratibeofeflected and
transmitted amplitude to the incident amplitudeandt, respectively, as
B E_i _ Ny COSH — Ny COS¢
" E|  nycosd+npcosg
_EY  2mcoss
~E, (M +np)cose

which makes use of the fact that ¢'.
In the second case shown in Figure 2.19 the magnetic fieldpepdicular to the
plane of incidence and the two continuity equations are

Hj+ Hj = H| (2.134)
E| cost — Ej cos?’ = E| cosg (2.135)

(2.132)

re

t, (2.133)

which can be solved to give the ratio of the reflected and téttesd, amplitude to
the incident amplitude;,, andt, respectively, as
_ Bl _ mcosp - nycosy

= 2.1
Ny COS¢ + Ny COSY (2.136)

g = I = 2Mmcosy (2.137)
= E ™ nicose + npcosd '
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FIGURE 2.19

The expressions for the reflected and transmitted amp#tcale be combined with
Snell’s law and expressed purely in terms of the reflectedrefndcted angles.

L= —% (2.138)
t, = % (2.139)
ry = —% (2.140)
) = 2 cosysing (2.141)

sin@ + ¢) cosP — ¢)

These are known as the Fresnel's equations. They ampliaiites rof the reflected
light can also be expressed usimgn, and eliminatingp i.e.

_ cosf— V2 —sirf g

L= (2.142)
cosh + Vn2 — sirf 6
_n2 2 _ Qi
= n?cosh + Vn2 — sirf (2.143)

n2cosd + Vn2 — sirf

wheren = ny/n;.
The reflection and transmission amplitude matrices thahgswdate these pro-

cesses are expressed
E rp 0\(E
I I 1
[e!)-(s2)(2) e140

IR R
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Reflection n, <n, Transmission n, < n,
1.0 1.0
3 o5} 2 0_5\
2 2
= 00} £ 00}
£ o5} 1 £ o5
-1.0 -1.0
0 20 40 60 80 0 20 40 60 80
Angle of incidence Angle of incidence
Reflection n, < n; Transmission n, < n;
1.0 1.0
3 05} S 05}
2 2
5 0.0f 5 0.0f
£ o5} : £ 05}
-1.0 -1.0
0 20 40 60 80 0 20 40 60 80
Angle of incidence Angle of incidence

2.7.2 Reflectance and Transmittance

The expressions for the reflected and transmitted amp8tade just that - further
terms are required for the redirection of the energy of tioedent field. The energy
carried by a ray is proportional to the amplitude squaref) é@ that the energy of
the incident wave per unit area at the interface is propoaito E 12 cosé.

The reflectance is defined as the ratio of energy per unit &féected from the
interface to the energy per unit area incident on the interfal'he reflectivity per-
pendicular and parallel to the plane of reflection are then

_ tarf(0 - ¢)
R = @R+ 9) (2.146)
_ Sit(0—¢) (2.147)
Sir?(6 + ¢)
Similarly the transmittance perpendicular and paralléhtoplane of reflection are
sin 29sin 2
T = ) 2.148
1™ Sirt(6 + ¢) co2(6 — ¢) (2.148)
sin 'sin 2p
=——- "7 2.149
Sire(0 + ¢) ( )

Note that the reflectance components are the square of tivaksot reflection am-
plitudes whereas the transmittance components the sqg@i#ne equivalent trans-
mission amplitudes multiplied by @ cos¢/n; cosd term to account for the change



Electromagnetic Waves 39

in the dfective area of the ray as it is refracted. It is possible tafywénat

RH + 7~|| =1 (2150)
R +7, =1 (2.151)

which is just stating that energy is conserved.

As the two components of the reflected wave havkedént amplitudes an unpo-
larized wave may be partly polarized during reflection onsraission. The degree
of polarisation P, is given by

Ri—Ry
= 2.152
‘R%—Rl ( )
1.0
<
5
E 06 1
=y E,
<EC 0.0 1
E
E -0.5¢ E, b
10

0 20 40 60 80
Angle of Incidence

FIGURE 2.20

The relative amplitudes for the two components and the @egfrpolarisation are
shown in Figure 2.20. A negative ratio equates to a 180 dggrase change during
reflection. The Brewster angle occurs when the parallel aomapt is zero so that

6=tantn (2.153)

As the reflect wave contains a single component it has beemiped. For a refrac-
tive index of 1.3, typical of water, the Brewster angle oscatrabout 52

2.8 Scattering

Scattering is the process by which light is redirected bycalised change in the
refractive index of a medium. Consider a scatterer plac#tkeatrigin illuminated by
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Incoming Wave Scattered Wave

A % oi(kr)

Eiei(kz—wt)

FIGURE 2.21

The scattering of a plane electromagnetic wave.

a plane wave (typicaly travelling in the positive z direafigiving rise to a spherical
scattered wave as depicted in Figure 2.21.

The aim of a mathematical description of scattering is tateethe amplitudes
of the incident and scattered waves. To achieve this conaiday that is initially
travelling in thez direction before being scattered through an am@les shown in
Figure 2.22. The plane containing the direction of propagasf the incident and
scattered rays is called tipdane of scatteringnd® is known as thacattering angle
Since any electric vector may be arbitrarily decomposemlonthogonal components
we may choose these components perpendichfgrgnd parallel E‘T‘) to the plane of
scattering. The reference plane remains arbitrary for fusthard scattering@® = 0)
and backscattering(= 180). The incident ray is described by its two components
of polarization as

E|(z 1) = E ek (2.154)
E' (zt) = E gk=V (2.155)
The linearity of Maxwell’'s equations means that the scattdight will be a linear

sum of the two electric field components. The scattered ragseribed by its two
components of polarization as

ES ei(kr—wt)

ES(rY) = ”"T (2.156)
s ei(kr—wt)

ES(r.t) = “’T (2.157)

wherer is the distance from the centre of the scatterer which igéatat the origin.
The scattering amplitude matrig,is used to relate the amplitudes of components
of the scattered ray to the amplitudes of the componentsdhttident ray through

ES eikr S S Ei .
=== 1 (kz-wt)
(&)= (23 (e ) @9
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FIGURE 2.22
Geometry of scattering.

The calculation of scattering amplitude matrix values idradsed in Chapter 5 for
various types of scatterer.

Problem 2.1 For a linear medium show that the imaginary part of the réfrac
index can be determine by measuring the dissipation of paweavelling through
a known thickness.

Problem 2.2 Rearrange the expressions for E field component amplitutiggal
tion 2.101) to obtain Equation 2.102.

Additional Reading

Pedrotti, F. L., L. S. Pedrotti, and L. M. Pedrottitroduction to Opticsthird ed.,
Pearson Education, Upper Saddle River, 2007






