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Equation of Radiative Transfer

6.1 Microphysical Optical Properties of a Multi-Component Vol-
ume

The previous two chapters have discussed the process @w/elith gaseous ab-
sorption, and molecular and particulate scattering res@dy. Before developing
methods to cope with redirection of radiation on a far larggale it is important
to understand how to combine these process into a singl@pfigsical description
of an atmospheric volume. Consider a number éifedént optical components de-
scribed by the single scatter albedq, the volume extinction cd&cient, 3~ and
the phase functio® j(wp, w) where the value of the subscriptlenotes a particu-
lar component. A medium composed Mfoptical components is equivalent to a
homogeneous medium characterised by the following oppicaderties:

N
/e = Z lB;EXt (6.1)
=
Nz gen
e
L1 DB (wo,
Pluo) = 20 o 63)

As an example consider a situation where the known propatithe gaseous ab-
sorption represented wggg(z ﬂggg, the phase function for Rayleigh scat®foecud wo, w)
(the single scatter albedo for Rayleigh scattering is talsamity) and the single scat-
ter albedowparicle the volume extinction cdicient, S)e(ltrticlesand the phase function
Pparticie{wo, w) for scattering by an ensemble of particles within the vatunThe

medium may be treated as one whose optical properties are

ext _ pext ext ext
B - leoIecuIe+ Bparticle + ﬂgas (6-4)
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ext ext  ~
mobcmefmoleculéwo, w) + IBpartidea)particlepparticle(CUO, w)
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(6.6)
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6.2 Equation of Radiative Transfer

Incident beam

S - () absorbed radiation
— () radiation scattered out of the beam

Transmitted beam comprising:

( unattenuated incident beam

ambient radiation scatterred into the beam

(: )) radiation emitted within the volume
FIGURE 6.1

Elemental radiative transfer processes.

The fundamental equation describing the propagation aftrelmagnetic radia-
tion is the equation of transfer. Consider an electromagmetve travelling through
a scattering and absorbing medium in thermal equilibriuth s surroundings. Al-
though the original beam is attenuated by absorption arttesicay, it is enhanced by
thermal emission and by ambient radiation scattered irgd&am (see Figure 6.1).
The elemental change in spectral radiance of a béafw,y, zZ w), as it transverses
a volume element is

dLy(x+dx,y+dy,z+dz w)
dl B

B Y, 2 w)

+B5A3(x, Y, Z w)

+LB(xy, 2w, T). (6.7)
The three terms on the left hand side of Equation 6.7 deno¢eattenuation of the

beam, the radiation gained by scattering into directio)) &nd the thermal emission
of the volume into the beam_f(x, V,Zzw,T) = B(1, T(X,y,2)). The scattering
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contribution is found by summing the contributions from émabient radiation field
Lj‘”‘b'e”Kx, y,z,w’) thatis incident on the volume and then scattered into trextion
of interest (refer to Equation 5.41), i.e.

it g /
L3(x, Y,z w) = L‘ P(a:b; «) Lambieny v, z w’) dQ’ (6.8)

If there are no external sources so then the ambient radifiticl isLj‘mb‘enKx, Y,Zw) =
Li(x Y,z w).

Equation 6.7 can be rewritten using the definition of voluingle scatter albedo
(Equation 3.140) to give

dL(x+dx,y+dy,z+ dz w
al ge“dly ) - —La(x Y.z w)

+aLS(%, Y, Z w)
+1-O)LE(xy,zw,T). (6.9)

If we define thesource functionto be the contribution to the beam by scattering
and emission, i.e.

Jix Y. zw, T) =oL3(X Y. Zzw) + (1 - D)LI(X Y,z w, T),

then we have

dLy(x+dx,y+dy,z+d
a( X,l;/eXIdly zZw) =-Li(XYy,zw)+ L(XY,Zzw,T). (6.10)

This is the general equation of transfer. It is fundamemtahe discussion of any
radiative transfer process.

Before examining the solutions of the general equationafdfer it is useful to
look at two special cases:

1. a medium where there are no scattering or emission squees

2. amedium where there are no scattering sources.

6.2.0.1 Equation of Transfer with no Scattering or EmissionSources

If a light beam is travelling through a homogeneous mediurareithe contribution
to the beam by scattering and emission is negligible {i,&¢,y,z, w, T) = 0) then
Equation 6.10 may be integrated, generating

LaX,Y,Z,w) = Lix Y,z w)e?™, (6.11)
wherel = /(X =x)2+(y —-y)2+(Z -22 Equation 6.11 is referred to as
Bouguer's law: It is important to note Bouguer’s law does not take into aotou
any forward-scattered radiance, and that strictly it opiglees to collimated beams.
Practically, it is usually applied to beams that are apprately collimated.

*A brief review shows confusion regarding the name of Equaidid e.g. it is called, Beer's lawP§l-
tridge and Platt, 1976], Lambert’s absorption lavjter, 1980], the Beer-Bouguer-Lambert lawiu,
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6.2.0.2 Equation of Transfer with no Scattering Sources

Consider a non-scattering medium which acts as a blackbodyisain local ther-

modynamic equilibrium. A beam of radiande,, passing through it will undergo
absorption while emission from the matter also takes plate. source function in
this case is given by the Planck function

(LA, T) = By(A, T(1)). (6.12)

wherel denotes the position along the path the beam takes throegi¢dium. In
this case the equation of transfer may be written as

dL, = —L,8%dl + (1 — &)Ba(d, T(1)B8%dl. (6.13)
As there is no scattering = 0 andg®™! (= g2 + 53 = S Hence
dLy = —L82%1 + By(T ()52l (6.14)

This is Schwartzchild’s equation. The first term on the rigabhd side denotes the
reduction in radiance due to absorption whereas the seesndrepresents the in-
crease in radiance arising from blackbody emission.

oA, [s)

FIGURE 6.2
Emission along a path. The transmittance from a ploatbng the path to its end is
given bye 719

Schwartzchild’s equation can be used to calculate themadiat the end of a path
of lengths as shown in Figure 6.2. The temperature of the medium a haoahdng
the path is defined aB(l). The radiance is found by rearranging Equation 6.14 to
give

L = B, T(1)).

1
at 2ol

1980], the Lambert-Bouguer law of transmissi@hghine, 1983] and the Bouguer extinction lafenn

et al., 1985]. In an excellent historical notigpal, 1983] points out the relationship was derived exper-
imentally by Piere Bouguer in 1729 and theoretically by Johideinrich Lambert in 1760. Beer's law,
produced a century later, states that the absorption cditiadidepends only on the concentration of the
absorbing species and is therefore a restricted form of Bexglaw.
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This expression is multiplied by the transmittance to thé ehthe pathe ™9 to
get

L/lﬁabse—rp(/l,lzs) + %e—rp(ﬁ,lzs) :ﬁabsB/l(/LT(l))e—rp(/l,lzs)’

which when integrated from 0 teresults in

fs |:L/lﬂab5e—‘rp(/l,|:s) + %e“fp(/l,ks)} dl = fsﬂabSB/l(/L T(l))e—rp(/l,lts) dl.
0 0

Note that if
f(X) — L/le—‘rp(/l,l:s)
then
of(x) o dL,
=L abse Tp(2l:8) | T4 -1p(Alis)
ax o T e
Hence

|Lig 9] = fo " g%, (1, T())e 9 dl,
= [Li(9e™(59 - L, (0)e™(109] = fo ° S8, (1L T()e 9 d,
which leads to the solution
L,() = L/l(o)e_Tp(/l,O:S) + Lsﬁab%ﬂ(ﬂ’T(I))e—Tp(/lJZS) dl. (6.15)

The first term represents the radiance that is not attenudtiong its passage through
the medium from 0 t®. The second term represents the emission contribution from
the medium along the path from 0 $0

6.3 The Plane Parallel Approximation

In a stratified atmosphere atmospheric properties varyshaith height. It is there-
fore convenient to treat radiative transfer within the feavork of aplane parallel
atmospherein which

e Curvature associated with sphericity of the Earth is igdore

e The medium is regarded as horizontally homogeneous andtti&tion field
horizontally isotropic.
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7T=0,p=0,2 = Ztoa Top of atmosphere

5 0
0, / w = cosf, p=|cosf|

T="Tg /

T =179,p=po,2=0 Surface

FIGURE 6.3
Plane-parallel coordinates.

Atmospheric light paths are defined byhe cosine of the zenith angle. The position
of radiative quantities can then be reduced from (X, y, zxJo (

In problems of radiative transfer in plane-parallel atnfeses it is convenient to
measure distance vertically in units wérmal monochromatic optical thickness
or depth defined relative to the top of the atmosphere as

ZTOA
7(2) = B(Z)dzZ. (6.16)
z
From this definition,r decreases with height so that= 0 at the top of the atmo-
sphere. Hence atmospheric path and optical depth areddiztess mm negative
depends upon path direction

dr = —g'cos@) dl, (6.17)

The cosg) term accounts for atmospheric slant paths. For a real gheos, the
slant path includes refraction by the atmosphere as welplasral geometry. The
relative airmass is the ratio of the amount of air in the lifisight (for some zenith
angle) to the amount in the zenith. The applicability of thenp parallel approxi-
mation can be assessed by comparing the relative airmases faca spherical shell
to that for a plane-parallel layer. Figure 6.4 show the nedabehaviour where the
spherical layer is 10 km thick with a 6370 km radius of curvaturhe curves agree
to better than 1 % for zenith angles up to Z5Hence he curvature of the Earth’s
atmosphere need only be considered for very high Solar @reaton zenith angle.
Equation 6.10 can be rewritten

,dL, (1, w)
dr

wherey’ = cosd. Note that bothw™and T potentially vary within the atmosphere
i.e. are functions of . Alternatively if the source function is used then the tfans
equation can be written

,dL (1, w)
dr

One point of confusion encountered using plane paralleldinates is the sign of
. As @ is defined with respect to the normal pointing outward fromabtmosphere

= Li(r,w) - dL3(r,w) - (1 - &)LF(A, T), (6.18)

= Li(r,w) — Ji(r,w,T). (6.19)
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FIGURE 6.4

The relative air ass factor for a plane-parallel atmosp(said line) and a curved
layer 10 km thick (dashed line).

the value ofy’ = cos# is positive for an upward travelling ray and negative for a
downward travelling ray. In this notation the direct traigamce of layer of optical
thickness is e "/* for the upward travelling ray anef’/#’ for the downward trav-
elling ray. The irradiance from the Sun (travelling in thenthevard directionwg)
onto a surface is,uE,ES“”(wo). The reversal of sign within the exponential as the ray
reverse direction and having to explicitly negate the esgitn for solar irradiance
are avoided ifu is defined agcosé| and, if appropriate, a negative sign is explic-
ity shown. The notation adopted is summarised in Table @l4ing this notation
Equation 6.19 is restated as

dL!(z,
ﬂ# = L}(T, w) = (r,w,T) 0<6<n/2 (6.20)
dL (r,w)
= = LEw) - hEw ) m2<i<a (6.21)

where the upward and downward radiance fields have been mpligteas LE(T, w)
andL!(r, w) respectively.
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TABLE 6.1
Definition of angular symbols used to describe the propagatirection of

radiation.

Description ~ Angular ~ Components Cosine of the Magnitude of
Vector Zenith Angle Cos(Zenith Angle)

Directionof w 0, ¢ o = cosf u =|cosh)

interest

Solar wp 0o, ¢o Mg = COSHp o = | cosbo|

direction

Any direction  wj 0i, bi M = cosb; i = | cost|

6.3.1 Radiation in a Plane Parallel Atmosphere

To obtain the upward radiance at lewglof a finite atmosphere of thickness, we
multiply Equation 6.20 by (-™)/# and integrate it frorr to o, i.e.

1 du? T, W 1
——LE(T,(.«J) + L =-—=Ji(r,w,T)
7 dr 7

T 1 dLl(r, w o1
il ) (, w)e—(T—Tx)/ll + /1( )e—(T—Tx)/ll dr = —Zd(rw, T)e—(f—fx)/u dr
g d
™ M T ™ M
Tx

w1 T
L w)e o] ® = -= f it w, T)e ™k de
M Jr,

Hence

1 o
L}(Tx, w) = LE(To, w)e (o m/k 4 = f i, w, T)e ™k gr (6.22)
p Jr,

To get the downward radiance at lewglwe multiply Equation 6.21 by (»-7)/x
and integrate from 0 toy, i.e.

1 dLt T, W 1
—Lﬁ(‘z’, w) + L = -J(r,w,T)
H dr 7
Tx 1 dLi(r, w Tx 1
f SLY(r w)e i o w) )e‘(T*‘T)/" dr = f =Ji(r,w, T)e >k dr
0o M dr 0o H

W 1 [
L (r w)e o> = 2 f 3y(r,w, TYe i iy
’ o udo

1 (™
L (¢, w) = LY(0, w)e™/# + p f it w, T)e i de (6.23)
0

The two special cases of these equations which are mostudtzhare: calculat-
ing the upward radiance at the top of the atmosphere andlatigithe emergent
downward radiance at the bottom of the atmosphere, i.e.

1 (T
L'(0,w) = L}(To,w)effo/ul—l f di(r, w, T)eHdr (6.24)
0
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and
1 [
L (ro,w) = LY(0, w)e™™/H + . fo Ji(r,w, T)e ok gr (6.25)

6.3.2 Components of the Source Function

To evaluate these expressions the value of the source dantttat generates the
radiation field must be known. For the Earth’s atmosphereetttomponents of
the source function are considered: thffudie field sources]{™sq(r, w), the solar
sourceJs®?(r, w), and the internal thermal source*™¥(r, w). Using these terms
the source function is expressed as

i(rw, T) = IMT, w) + 1321, w) + ™1, w, T) (6.26)

where the individual terms are defined:

Plwi,w)
. dw; (6.27)

T

Jgiﬂfuse(T’ w) - fA L/I(T’ wi)
0

HOE(wo)P(r, wo, w)e ko
3508, ) = & (o) (;n‘“o ©) (6.28)

‘]}lhermak,r’ w,T) = (1-&)By(A4, T(x)). (6.29)

Although the equation of radiative transfer has been deesloncluding expres-
sions for both scattering and emission processes it is giyaot necessary to con-
sider all radiation sources. Instead the spectrum is dinéal three regimes: for
wavelengths less than abousam um the atmosphere is illuminated by the Sun and
thermal sources are neglected, for wavelengths longerabaat 89 um the contri-
bution to the radiance field by sunlight can be ignored. Iriritervening region both
terrestrial and solar sources may need to be considered.

6.3.3 A Plane-Parallel Atmosphere with a Solar Source

If the atmosphere is illuminated with irradianﬁﬁ(wo) from a single directional
source, i.e. the Sun, then the radiation field is composeteoflffuse field created
by scattering within the volume and the imposed field causgettid external illumi-
nation, i.e.

Eimbient-r, w) = Lgiﬂuse(‘r, w)dw + ES(WO)5¢,¢O59,(-}0€_T/ costo (6.30)

The radiance field is found from a source function that combitne scattered and
solar fields i.e.

) Eg(wo) P(t, wo, w)e /Ho
An

P(wi, w)
4

A
30, w) = & f La(r, )
0

dwi +

(6.31)
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Substituting this into Equation 6.22 gives the upward nackgfield at optical depth
74 in a layer of thicknessy i.e.

~ T0 T P .
L}t w) = L}z w)e ol 4 £ f f La(r, wi)—(j"w) dwie /k dr
! H Jr, 0 7T

Nz f 7 E9(wo)P(, wo, w)e /o
N An

The corresponding downward field (from substitution of terse function into
Equation 6.23) is

g ™Ik dr (6.32)

X

~ T A
, P(wi
LY (rw) = LY 0. w)e ™ + = f f La(t, wi) (i, ) dwie > dr
“Jo Jo 4n
5 (™ E(wo)P(t, wo, w)e ko
O f {(@o)P(T wo, W)™ () (6.33)
u Jo 4

6.3.4 A Plane-Parallel Atmosphere with Thermal Sources

Consider a non-scattering atmosphere of optical depthbove a black surface at
temperatureTy where there are no extraterrestrial sources so the sounctidn
is given by Equation 6.29. Then from Equations 6.22 and 6h23upward and
downward radiances in directian are

T0
Ll(rx, w) = By(¥, To)e o™k 1 f (1 - &)B;(3, T(r))e ™/ dr (6.34)
M Jr,
1 (™
Li(rew) = = f (1 - &)B;(¥, T(r))e Ve gr (6.35)
M Jo

The 1- & term has been left inside the integrals as this term will radlyrvary with
optical depth.

6.4 Expansion of the Radiance Field as a Fourier Series in Az-
imuth

The radiancel_,(t, w), in a plane parallel atmosphere can be expressed as aFourie
cosine series i.e.

o

Li(mw) = ) L(r, k) cosm(g - go) (6.36)

m=0

wheregy is an arbitrary reference azimuth direction. Thefioents,L\(z, ), are
defined by

1 2n
L7 = =05z [ Lirw)cosmig—gds.  (6.37)
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From this expression it can be seen that the first expansioniteEquation 6.36 is
the mean field and that the additional terms represent syriopetturbations about
the mean. As symmetric changes in radiance with azimuth tieordribute to the
irradiance (see Problem 6.3)

1
E'=2n f LO(r, )u dua. (6.38)
0

Substituting Fourier expansion of the radiance field intadimpn 6.19 gives inde-
pendent equations of the form

dL™(z,
T R} (6.39)
whereJ™(r, uT) is them" Fourier component of the source function. Each of these
equations is solved foL(r, ) and the radiance field reconstructed using Equa-
tion 6.36. The computational advantage comes from the fectattual number of
Fourier termsN, needed to capture the azimuthal variation is smaller theamtim-
ber of quadrature angles in azimuth required to achieveahesaccuracy.

The number of Fourier expansion terms depends strongly andy, , as observed
by Dave and Gazdag [1970] andHansen and Pollack [1970]. The reflection is az-
imuthally independent whem or i, = 1. In this situation the single term= 0 fully
describes the angular scattering pattern. The highest auaftberms is required for
the casey; = ur = 0. Empirical results presented bgn de Hulst [1980] give the
number of termd\ = 25sing, where# is the minimum ofg, andg;. King [1983]
concludes that about 16 terms is adequate for most remosgngeapplications.

6.4.1 Expansion of the Source Function Components

In order to evaluate the set of equations defined in Equati@®the source function
must also be decomposed into a cosine series in azimuthioBsgvthe input and
output directions to a medium have been described usingetsm$ coordinate pairs
e.g.wi = (6,¢) andw = (0,9). A more helpful notation for a Fourier expansion
representation of the radiance field is to use the cosind®afiput and output zenith
angles, denoted by; andu respectively, and the output azimuth direction as the
reference azimuth direction.

In terms of spherical polar coordinates (of unit magnituthe incidentx; and
scattereX, directions are expressed

Xi = sing; cosf;’+ sing; sing; '+ cosgK (6.40)
X = sinf cosdr + sinfsing 7+ cosok (6.41)

wherer, fandl?are the unit vectors in the x,y and z directions respectivebyure 6.5
shows the relevant geometry. The scattering angle is foromd the dot product of
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FIGURE 6.5
Relation between angles in the scattering place.

these two vectors i.e.

€0sO® = sing; cosg; Sind; Cosy; + Sing; sing; sind sing + cosd; cosd (6.42)
= C0SY; cosh + sing; Sind cosgh; — ¢) (6.43)

= uiu+ 1H_—,uiz1[:|_—;12C05(f)i—(]5) (6.44)

Following Liou [1980] the Legendre expansion of the phase function (seto8ec
3.9.2) can be expressed as

P(uis 1, i, 8) = Z(z 50m>Z<~' Pmoz)me)cosmw. 9) (6.45)

whereP"(u) is an associated Legendre polynomial ands the Legendre expansion
codficient of the phase function. The Fourier components of thecgofunction
expansions can be found as follows:

Diffuse Substituting Equation 6.45 into the expression for thHeude source func-
tion gives

_ o ([t
ngffuse(,[.,w) — _f f L/l(T,,Ui,‘ﬁi)

Z(z aOm)Zw| m), ) B PI() cosmis, - ¢) s
(6.46)
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which can be rearranged to

iffus (I —m)!
Jdﬁe(”’)_zz f (|+$)!

m:OIm

21
PPGP)E o) [ Llrpi ) cosm(os )
(6.47)
Completing the integral ovef gives

3o, ) = ZZ f (|+m)'Pm(u)Pm(ﬂ)Lm(T ) du (6.48)

m:OIm

This function can be compared with the Fourier expansionrevtiee reference az-
imuth anglepy has been chosen to be.e.

Jaiffuser 1) = Z IM(z, u, T) cOSM( — o) = Z I (wp,T). (6.49)
m=0 m=0

Then them™ term of the difuse source function is

J/(lillfusem

TH 471 Z f (| + m)| Pm(ﬂ )Pm(ﬂ) Lm(T i) du (6.50)

which can also be obtained from the expression for the Fooadficients applied
to the source function (see Problem 6.2).

Solar Substituting the expansion of the phase function, Equdid, into the
expression for the Solar source function (Equation 6.28i

o) = LEw) 3 (2 (15 P PTG cosmage: /oo
m=0 I=m
(6.51)
which can be expressed as
N ~ N
I w) = > (2- 50,m):1”—ﬂ ES(wo)e ™ )" wy E: ; 2;: PI"(t0) PP'(1t) cosmAg
m=0 I=m ’
(6.52)

which has the same form as a Fourier cosine expansion in #ziwihere them”
Fourier codicient is

S (- m)!

J/?OIaEm(T,y) -6 m) EO(w Ye /o Z (| T T PM(u0) P (1) (6.53)
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Thermal Them™ Fourier codficient of the expansion of the thermal source func-
tion (from Equation 6.29) is

2n
N, T)=(2- 60,m)% f (1 - @)By(A, T(1)) cosmAgg dg. (6.54)
0
As the radiance from a black body is isotropic only the firgtesrterm is non-zero
which gives
I, u,T) = (2= Som)(1 - @)Ba(4, T(1)). (6.55)

6.5 Approximate Solution Methods
6.5.1 Single Scattering Approximation for a Plane-Parallel Atmosphes

The Equation of Radiative Transfer for an upward propagathy in a plane parallel
atmosphere with no thermal sources is written

dL,(r; w)
p—n =

= L,(1; w) - L3(r; w). (6.56)
dr

where the source functidf(r, w) represents the light from the sphere surrounding
the scattering volume that is scattered into the directiona (u, ¢) and is given by

L3(r;w) = f4ﬂ oL (1, wi)P(wi, w) dw. (6.57)
0

In Equation 6.57 it is being implicitly assumed that the noediis homogeneous so
that the scattering phase functi®fw;, w) is independent of optical depth and the
orientation of the scattering volume. For optically thimaspheres the probability
of light being scattering more than once is so small that, go@d approximation,
multiple scatters may be ignored. The unscattered radifittd then comprises the
attenuated solar beam and the source function is

P(wo, w)

L3(r; w) = HES"eg /o (6.58)

7T

wherewg = (o, ¢o) is the direction vector for the solar beam. Substituting th
expression for the source function into the equation ofsiergives

L,(r; P
L(riw) || ) ESe i Pe0.w) (6.59)
dr An
This equation is multiplied bg~"/# /4 to give
dL,(7; w) —_ e/ _ e lng)ESung-t/ko P(wo,w) (6.60)

L .
dr o w) u

A
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which can be expressed as

a [L (s w)e ™| = —eHipES ek Pleon, ) (6.61)
dr Ay

Integrating from the top of the atmosphere={ 0) to the surfacer = t*) gives the
single scattered radiance field at the top of the atmosptere i

f i[LV(T;w)e-T/ﬂ] dr = — f erlhESung T P00 @) 4 (6.62)
o dr 0 Aru

P(wo, w)
Aru

1
/p+1/p0
= J)ESU“Mi [e—f*(l/wl/uo) _ 1] (6.64)
4t p+po
If there is no source of radiation at the bottom of the atmespin directionw then
L,(t*; w) = 0 and the TOA radiation in directia® is

-
L (" w)e™ - L,(0;w) = HES" e-f<1/ﬂ+1/ﬂ°>] (6.63)

0

L(0;w) = GESNEWR®)_HO 1y geruein] (6.65)
At po+p
For a downward propagating beam the equation of radiatrester is expressed
L .
w3 | ) - L), (6.66)
T
Substituting in the solar source function gives
_A0me) ) - pESwetiie PWow) (6.67)
dr An
which after multiplying through b¥/#/u can be expressed as

P(wp, w)

d
— [LV(T; w)e””] = @/HGHESUNg /Ko
Aru

dr

Integrating from O ta* now gives the single scattered radiance field at the bottom of
the atmosphere i.e.

(6.68)

— &)ESun

* " sunPwo,

L, (" w)e - L,(0;w) = f ESP0 @) i) g (6.69)
0 Aru

P(wo, w) 1 ! (6.70)

eT(l/#—l/Ho)]
A |1/ —1/po
— &)ESunP(WOv w) Mo
4t po—H
If there is no source of radiation at the top of the atmosplverdirectionw then
L,(0;w) = 0 and the BOA radiation in directicea whenu # ug is

0
[ef*(l/ﬂ—l/uo) _ 1] (6.71)

L ) = oEsunP@o.w) o (& W) _ 1] g (6.72)
4t po—n

_ ;psunP@o.w)  Ho e 0 — e (6.73)
At po—u
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If u = uo Equation 6.68 becomes

9L wen] = =aesnPee®) L (6.74)

dr Ay
which can be integrated to give

. P
L (') 0 — L (01) = GBS0 eyl (6.75)
Aru

The downward scattered field is then

L (' w) = GESIE0 @) oer [ = o) (6.76)

4

Note that the total radiance in this direction will also indé the unscattered solar
radiance.

For very thin atmospheres the exponential terms in Equaibodb, 6.73 and 6.76
can be approximated to first order i so that both the reflected and transmitted
diffuse fields are expressed by

L,(0;w) o~ unP(wO’w) * *
LV(T*;W)}—wES am " [t* < 1] (6.77)

Equation 6.77 is very helpful in understanding the struetfrthe difuse radiation
field for thin atmospheres:

¢ the difuse radiance is proportional to the optical thickness rmatdd|byw;u,
e the structure of the éluse field is proportional to the phase function.

This expression also underlies théidiult of remote sensing scatterers using a nadir
instrument. For example a monochromatic measurement fpawesof atmospheric
particles whose phase function is well known is unable fietBntiate between par-
ticles with a loww and high optical depth and more reflective particles with alkan
optical depth.

6.5.1.1 Example: Using the Single Scattering Approximatio to Calculate the
Bond Albedo for a Homogeneous Spherical Atmosphere

A planet’s Bond albedd4, is the ratio of the total energy reflected by the illuminated
hemisphere to the total solar energy incident upon the Eltétthematically this is

A 21 /2 .
[ Jo T cOSHESR(A, 6o : 2m)r sindo 6o dgo A

A= 0 - (6.78)
7rr(2) le Ef””d/l

wherery is the radius to the top of the atmospheteand, represent the limits of
the solar spectral irradiance spectruimandg, are the spherical coordinates for a
global coordinate system with its origin at the Earth’s ceaind thez axis orientated
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Sun-Earth line

Do

FIGURE 6.6
Global coordinate system.

to the sub-solar point (see Figure 6.6). Lastly, 6y : 2r) denotes the directional-
hemispherical reflectance.

The optical properties of the layer are the single scattegdd,w, the extinction
codficient, s, and the phase functioR(®). Note that the input4, ¢;) and output
(8o, ¢o) directions in spherical coordinates can be related to¢htering angle by

C0S® = C0SsH; CosY, + SinG; Sinb, COSEho — ¢i). (6.79)

The choice of where = 0 is arbitrary, so by setting it t¢; the phase function can be
shown asP(6;, 6o, o). The optical properties calculated by Mie theory are fiong
of wavelength, particle size and refractive index: howetés dependence is not
explicitly shown.

To calculate the change in Bond albedo it is necessary todatre a local coor-
dinate systemr(6, ¢) whose origin is atg, 8y, ¢o in global coordinates. Theaxis
of the local system points in the directiég ¢o. The choice of where = 0 is arbi-
trary and is adopted here as the azimuthal direction of tkee say. The directional-
hemispherical reflectance from the atmospti@(e, 6, : 27) is

/2 &)TP(HO,G )] . T
R(1,60 : 27) = f f 2 G050 GOS0l cosdsingdodg = mﬁ(&g),
(6.80)

where is the optical depth of the layer am{6y) is the upscatter fraction. The
optical depth is related to the physical depth of the layer by

() = 185). (6.81)

The upscatter fraction estimates the probability of a pihatcident from direction
0o being lost to spaceBoucher, 1998]. It is defined as

21 /2
B(6o) = é fo fo P(6o, 6, #) sin6 do d, (6.82)

whered and¢ are the local spherical coordinates. By making use of itatisym-
metry and using the substitutiong = cosfy andu = cosé, the Bond albedo is given
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by
N 2 [ ES"r [} luo) dhuo d 2 [ ESarpda 683)
[P ESnda x [ ESndA '
where
_ 1
B= fo B(uo) duo, (6.84)

which is called the isotropic upscatter fraction.

6.5.2 Dffusion Approximation of Irradiance

The radiance within a non-scattering plane-parallel aphese where there are no
extraterrestrial sources was considered in section 6.8.there is no underlying
surface contribution then the spectral irradiance at th@tan atmosphere of optical
depthrg is

21 1 70
T0)= — (7, T(7))e " dr .
E;(0) _L llfo B;(v, T(r))e""* dr dQ (6.85)

As the blackbody emission is isotropic there is no azimuffedelence and this equa-
tion is rewritten as

140) /2
EL0) = f 7B;y(7, T(1))2 f e/ % cosgsingdo dr (6.86)
0 0

In the difuse approximation the integral over the set of slant pathgpsoximated
by scaling the optical depth to give an expression of the form

El(0) = fo By, () dr (6.87)

wheret* is the scaled optical depth such that= br whereb is a dimensionless
constant. Comparing Equations 6.86 and 6.87 gives

A T/ 2
" = 2bf e/ % sing dg
0
b /2
= Ee‘bf =f e/ % ging do.
0

If =0 thenb = 2. For optical depths encountered in practice 1.66 gives a very
good approximation. PLOT EXAMPLE
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6.5.3 Two Stream Method

The vertical flux is a function of the zeroth order Fourienter

dL, (7, 1)
Paniil]

~ 1

w ’ ’ ’
T L - [ P L) e
T -1

where the azimuthally averaged phase function is

1 21
Pk = 5 [ PO A0 8
0

In the two stream approximation we assume the radiationristent in each hemi-
sphere

_ U@ u>0
L(r.p) = {Ll(r) ©<0

For the upstream

T T
p 0w -2 [ - [ oo ar
17 _Zn _ ! ’ ’
- L) - 2L f D) 0~ T f P )
=LI(0) - le<r)(1 ~ b)) - wLi(r)boo
where the azimuthally averaged phase function is
) = { fllpm ) dy =1-1 [ p( ) du’ >0
b Pl ) du =13 [ PG, p)di’ < 0

i.e. b(u) represents the fraction of radiation that is scatterenl il opposite hemi-
sphere. The dependencelodn u is unhelpful so we just integrate the equation over
w and work in irradiance

1 dLT(T)
=

1dE)(?)
2 dr

f [Ll@) - &L (@)1 - b)) - dLL()b(w)] du

= E](r) - ®E}(r)(1 - b) - EX(r)b
= (1- &)E!(7) + @b(E!(r) - E}(x))
where

- b=1=g=-1 1-g
b=f b(u)du  notingb = 1/2zg=Osob=T
0 b=0=g=1
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Similarly

_1dE/(7)
2 dr
Finally adding and subtracting gives

= (1- ®)E}(r) - ©b(E](r) - EX(x))

EE(EI(T) - EN7) = (1- &)(EN(7) + EX(7))
2dr
2 S (El0) + E) = (1 9(EL) - E0)

6.5.3.1 Example: Using the Two Stream Method to Calculate thReflectance
and Transmittance of a non-absorbing Cloud

If w=1then
2 (El) - Ele)) = 0
dr

= El(1) - EL(x) = E™

NI

where E™ is the constant of integration and equal to the net flux whiaksdnot
change with depth in the cloud. Similarly

2 €@ +E) = (- g™

= El(r) + E!(r) = 2(1- g)E™r + K

whereK is a constant of integration. Together the two equations:giv

net

El(r) = E2 (1+2r(1-q) + g

Enet
2

Elr) =~ 1~ 219 + 5

Apply boundary conditions
E}(0) = 1o El(rc) =0
gives

K sun Enet net _,uSunE0
— = Eo+ — E™'= - — 6.88
o TH R 1+ (1-9r (6.88)

General solutions

S Eo(1 — g)(7e — 1) #Eo [1+ (1 - g)(rc — 7)]

r) = Up) =
E.() ird-grn. >0 1+(1-g)re
From which it is easy to show
_E© _ (-9t . _E(@)_ 1

CuSUMEp  1+(1-gite pS"Ep 1+ (1-g)re
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Problem 6.1 Develop an expression for the radiation at the top of an eathl
atmosphere where scattering contributes to the reductitireitransmitted beam but
makes a negligible contribution to the transmitted radrati

Problem 6.2 The Fourier expansion of theftlise source function is
Iz, w) = >~ IN(x, 1) cosm(g - o)
m=0
where each term is given by
1 (>
30w = @2 o [ ) cosm(s - o) do
0

Starting from this expression derive Equation 6.50.

Problem 6.3 By substituting the Fourier expression fbfw) into the expression
for irradiance show that the upward irradiarfekis only a function of the Border
Fourier radiance;g(r,u) (i.e. derive Equation 6.38).

Additional Reading

Lenoble, J.Radiative Transfer in Scattering and Absor bing Atmospheres, A. Deepak,
Hampton, Virginia, USA, 1985.






