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Broadband Radiation in a Non-Scattering
Atmosphere

The transfer of monochromatic radiation in the atmosphegsls to be extended to
the calculation of the transfer of energy over a range ofuiesgies or waveband.

Two different scales of freq variation PlangKine absorption small number 20)
captures variation. Small interval ? has*liies economical ways of evaluating
integral over frequency required.

Can assign intervals over which plank function scatteriogficient and phase
function are approximately constant

i.e. want to evaluate quantity e.g. TOA irradiance as

o0 N
E= f E; dv = Z EiA7: (7.1)
0 i=1

Traditionally, the computational expense of line-by-laaéculations has been avoided
by using calculate the transmittance for a spectral intevix@re Equation 3.139

The transfer of radiation in a purely gaseous atmospherbdeatetermined from
the description of individual molecular absorption givarGhapter 4.

7.1 Line-by-line Calculation

The monochromatic radiation radiance at heiglhh a non-scattering atmosphere
above a black surface at temperatiligewith no extraterrestrial sources is given by
(c.f. Section 6.3.4)

Lzw) = BETOT 020+, [ FOBCTOTZz0d (712
L) = | " B3, TR (2 7.1 07 (7.3)

where the transmittance from heighto b is

. _ E b ab
T (a b,,u)_exp(—#fa B S(z)dz). (7.4)
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Note that transmission is usually defined in terms of volurtimetion codficient but
because the atmosphere is non-scattesffilfz) = 52°Yz). The volume absorption
codficient at altitudez is a linear combination of the contribution byabsorbers so

N
) = > p(@K2) (7.5)
i=1

wherep;(2) and kl.abs(z) are the absorber gas density and mass absorptidficieet
of thei" gas respectively. Theffiective mass absorption déieient of each gas is the
contribution from theM relevant lines including a continuum term if applicable i.e

M
K@), T@) = KSinuum + 2, Si@Fi = 7, p@). T(2) (7.6)
=1

.th ab . . .
where for the gas,kcoﬁtinuumi is the continuum term. The line strength, shape and

location of thei" line are denoted bi;, Fij andv;; respectively.

0

FIGURE 7.1
Computationally the atmosphere is divided ildayers (N + 1 levels).

The transmission through the atmosphere is built up by sididg the atmo-
spheric path into a number of short paths each of which isidered to be homo-
geneous with respect to temperature, pressure and gasnt@tios. This division
of the atmosphere is shown in figure 7.1. The transmissiaugir the atmosphere
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(from the bottom level to the top level) can be expressed
N
T©O:zp) = [ [ 7o) (7.7)
n=1

where subscriph denotes then™ atmospheric layer. The upward and downward
radiance fields at the" level are then

L) = BT [ 7160+ Y sEB6T) | | Tisz (79)
i=1 i=1 j

j=i+l

N i-1
> aRET) [ | Tikay (7.9)

i=n+1 j=n+1

Lt (Zn w) = 1
M
whereTy is the surface temperature ang; is the thickness of th@" layer.

The transmission through each of these path segments idataid from knowl-
edge of the trace gas amounts and the line strength, centtayidth of each com-
ponent gas. This is a computationally intense calculatsoibia not just lines within
the spectral range of interest that need to be considerea cdifitribution from the
wings of many absorption lines centred far from the specégion of interest can
sum to produce significant absorption within the spectraldbance the transmis-
sions are known they can be used in Equations 7.8 or 7.9 tonatig estimate the
radiance field at a given altitude in a specific direction.

7.2 Band Transmission

The estimation of radiative energy flows within the atmosphequires the integra-
tion of the spectral radiance field over a range of frequenoémtred atg say. If the
interval is suficiently small that the Planck function is approximately stamt the
expressions for the mean radiance are the same as thosdrgkgnations 7.8 and
7.9 with the transmittance (Equation 7.4) replaced by tlegage transmittance over
the frequency interval, the band transmittance, defined by

_ Fo+AT/2 1
T1(Vo, AV, 1) = _Nf exp(——f 52 dz) dv (7.10)
AV J55-n5/2 M Ja
so the problem of integrating the entire expression foranack simplifies into an
integration to generate the transmittance.

Similarly the optical depth of the band is

_ 1 Vo+AV/2 1 b
(7o, AT, ) = = INT (5o, A7) = f 2 (; f ﬁabs(z)dz) & (7.12)
Vo—AV/ a
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FIGURE 7.2
Equivalent width of a line.

and the band averaged absorptance is

A=1-T (7.12)

7.2.1 Equivalent Width

Now consider a path through a gas where the conditions alengdth are homoge-
neous. The integrated absorption of a spectral igyelonging to the gas is defined
as

W = fo “1-T6) o (7.13)

This expression defines tleguivalent width, W, which is the width of a rectangular
line of 100 % absorption with the same area as the absorptien This is shown
in Figure 7.2. Here equivalent width is expressed in terms/@fenumber but a
similar definition can be made in terms of wavelength. The\adent width and
is proportional to the energy absorbed by an isolated line.eduivalent width is
only weakly dependent upon instrument line shape it is auigadtric in comparing
measurements where the shape of the spectral line is ndteds&quation 7.13 is
sometimes expressed with respect to the line centre or tienbdimit is changed to
—oo. This latter modification simplifies the evaluation of anayine shapes and is
possible because of the negligible contribution to thegiretbof negative frequencies.
The band-average absorptance is

— W

A== (7.14)

The transmittance is related to the mass per unit arezf the absorbing gas

through

T (%) = expk3(F)m) (7.15)
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so that the equivalent width as a functionnofs

W = f w[1 — exp(kY(7)m)] dv. (7.16)
0

To understand howV changes withmit is useful to examine the two limiting cases.

7.2.2 Weak Approximation

If the line absorption is weak then Equation 7.15 becomes
T ~1-KF)m
so that
W = fo ) KF)md7y
=m f ) K3Y7) dv
= Sm0

whereS = [ k¥Y7) d¥ is the line strength. This is called the weak approximation
and is true for any line shape. Note thiltc m.

7.2.3 Strong Approximation

In the case of a pressure-broadened line there is adfor@y approximation which
corresponds to complete absorption in the line centre apdranease irm (or p)
only affects the wings. For a Lorentz line:

b _ aL
0 = o + a?)’
SO
W= f [1 exp[ 7 (G vo)2+a|_) H dv. (7.17)

Note that the lower limit of this integral has been setat in order to determine an
analytic solution of the integral.

For a strong line radiation near the line centre is compfetbsorbed and the value
of k3%) near the centre is not important. At some distance fromitieedentre the
a? can be ignored in the denominator so

e [ oo 285
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Then setting = (v — 7)? gives

W = j:: [1— exp(—S:;zm)] dx.

Putting8 = Sa.m/7x? gives

as 2Sosz R dx 1 Sacm
dx T a3 g~ 2832\ o

W = 2]:0 [1 exp( S:)'; )] dx,

The integral can be evaluated tg/Z. Thus

W =2+/Sa m.

Hence

7.2.4 Curveof Growth

For a pressure broadened line the general solution for thiwadgnt width is found
by substitutingy = Sm/2ra into Equation 7.17 to get

W= f [1 exp( G- vo)2 N Q'L))} dv. (7.18)

which can be solved analytically (see Problem 7.2) to give
W = 2ma e ™ [lo(m') + 11(m)]

wherel,(X) = i7"J,(iX) are modified Bessel functions of the first kind of ordeand
Jn is the nth order Bessel function.

Figure 7.3 shows the equivalent widt/, plotted against absorber density,
This figure is referred to as the curve of growth. From thisweak and strong
limits can be seen.

7.25 Band Modeds

In a band model we use a statistical description of the digtion and strength of
lines to estimate the band transmittance. The quantitiesreveoncerned with are:

e The distribution of line position within the band. The twauasassumptions
are either random or regular.
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FIGURE 7.3

Need to redo this figure it us&= 10"4(g cnT?)™1, ap = 0.06 cnt?

e The statistical distribution functiom(S), of line strengths. Common assump-
tions are:
s-distribution p(S) = AS(S-S)
Exponential distribution  p(S) = A/Sexp(S/S)
Malkmus distribution p(S) = A/SexpS/S)

whereA is a normalization constant chosen so that

f p(s)dS =1 (7.19)
0
andS is the mean line strength given by
S= f Sp(s) dS (7.20)
0

¢ The line widths - typically the widths of all lines within theand are assumed
to be the same.

For example if we have a spectral interyal centred avg that contains\ lines then
the mean line spacingis
AV
N
If the lines do not overlap then we can calculate a total edeivt width for the
interval as

5=

W = Z W,
1
and an &ective mean transmission(7, A7) as
w
AV
13YW
5 N

T (0, A7) = 1 -
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Elsasser Band Model

FIGURE 7.4
Need to redo this figure

If the lines are ‘weak’ (s&\i = Sjm) then

— . 1 le\l S 1-

T (vo, AV) = 3N m=1 ESm
where¢ and S are the mean line spacing and mean line strength for thevaiter
Av. If the spectrum is divided into a series of such intervaland S contain the
spectral information as slowly varying functions»of This is the basic idea of the
transmission function. Thes andS can be precomputed from spectral data so that
the integration over frequency is reduced to the summati@n a relatively small
number of spectral intervals.

The result for non-overlapping ‘strong’ line®/{ = 2/Sia,m) is

_ 13N VSiay
T (0, AV) = 1 - 121 VS, o
6 N
In general, lines are not independent (they overlap), notlay ‘weak’. If an em-

pirical model of a spectral band is used then it is possibldeidve transmission
functions in the case of overlapping lines.

7.2.6 TheElsasser Regular Model

The regular band model was developedHbsasser [1938]. A spectrum of equally
spaced (separatiof) identical Lorentz lines of strengt8 is assumed so that the
absorption coéicient at a wavenumber displaceddm the centre of a line is

bs~y _ S § aL
) = ), % (7= 10)2 + a?)

i=—oc0

This is equivalentHlsasser, 1938] to

by = N1 S_Sinhg
kas(v)_i;odcosrﬁ—cosf

wheres = 2na /6§ andy = 22v/6. Figure 7.4 shows thatffis large then the adjacent
lines overlap while for smaf$ the lines appear isolated. The band transmittance can
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be shown [Liou, 1980] to be
T (V0. AV) = f e 208 34(iz/ sinhp)
0

wherez = ysinhg. This function must be evaluated numerically however whén
large the line width is much greater than the spacing betwres so that absorption
approaches a continuum. In this case the band transmitisfféetty, 2004]

T (70, A7) = €5

so that medium acts like it has a mass absorptiorficgent k2 = % For small
values of vVSmra| /6 the band transmittance iBdtty, 2004]

— 1
T (o, AV) =1— erf[g Smnm_].
where erf is the error function.

7.2.7 The Goody Random Model

The Goody random modeGoody, 1952, 1964] assumes a spectrum of lines which
are random in position and strengtkiz spectral interval containinly lines of mean
separatios. If the strengtls; i line is described by probability distribution function
p(Si) then the expected band transmittance from a single line is

_ Vo+AV/2
Ti(T/o,A?/)_A—V f o f p(S)e M dS; dv (7.21)

where p(S;) is fulfils the normalization requirement of Equation 7.1%hen the
product of the transmittance froh lines gives the expect transmittance i.e.

Vo+AV/2
T(VO’AV)_Ayf rir2 f p(S1)E™MdS; di x
0v0+Av/2
f p(S2)ee ™ dS, dv x . . (7.22)
AV Vo—AY/2

All these integrals are the same so

. [ 1 Vo+AV/2 00 b N
T (0, AV) = | —= f p(S)e" ™ ds dT/] (7.23)
LAV J55-a32 Jo
(1 Vo+AV/2 0 N N
= f p(S)(1 - 1+ €™ ds dv] (7.24)
,AV Yo—AV/2
i Vo+AV/2
=[1-= f p(S)(1 - &™) ds dv] (7.25)
L AV Jg,- A2

(7.26)
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The equivalent width for N absorption line is

Vo+AV/2 b
W = f f p(S)(1 - €™ dS dy (7.27)
AV Vo—AV/2
So that
1W
T (¥, AV) = [1— NE} (7.28)

The Goody model assumes that the line strengths have a pligbdistribution
of

P(S) = 5 expS/S)

SO

f B p(S)(1 - €M dS = f "1 expS/S)(1 - €™M ds (7.29)

0 0 S

_ ~ E Q/Q) _ * l Q/Q\aSTm

= fo S expS/S)ds fo S—exp( S/S)e>'M{B30)
= 1—f0 éexp(—S(fm+ S))dS (7.31)
—[(1- Stm)expS(fm+ 1/§))];" (7.32)

Sfm
T 1+Sfm (7.33)

Using the Lorenz line shape (Equation 4.37) but performimagintegral from-co to
oo gives The equivalent width for N absorption line is
_ 1 Sfm -
AV ) o 1+Sfm
_ 1 o0 S_rﬂa/(; ~
A ) (v - vo)? + aZ + Smac

— Smyf1+ oM (7.36)
na

<]

T

(7.34)

(7.35)

which gives

T = exp[—%— 1+

7.2.8 Curtis-Godson Approximation

The transmission functions discussed so far apply to a unifmath. In the atmo-
sphere the absorption dfieient depends on pressure and temperature, and these, as
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well as the absorber concentration, vary with height, somest over several orders
of magnitude.

A ray passing through a non-homogeneous atmosphere forrakssamption line
from the superposition of many Lorentz profiles which is ingigtent with any one
Lorentz profile.

The Curtis-Godson approximation allows us to estimate thegure, temperature
and absorber amount for an equivalent uniform path so thatgdesLorentz line
corresponds as well as possible with the superimposederofil

_ 1 - 1
p_afppdz T_aprdz

m:fpdz

is the total mass per unit cross-sectional area of the path.
For a gas (e.g. C£ with a constant mixing ratigy, in an atmosphere in hydro-
static equilibrium then

where

dp=-goadz and x =p/pa SO pdz= —)édp,
SO

P2
P1 pg d P

=

P2 y ’
P 5 dp
1(p - pi)

T 2(m-p)

1
E(pl + P2),
mean pressure

In general,y is not constant although it is a useful approximation oveelatively
thin layer.

In the case of Lorentz broadened lines in the strong limit veg mrite for the
transmission of a path from to z at frequency

% S ar
T= exp[—j;l ;mp dZ]

wherea, = ao(%)(¥) ~ aoP/ Po-

Z2
T= exp[—§L ! f ppdz}

m(v— VO)ZE n

:exp[ S pm}

" (v—v0)? po

Nl
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wherep = %f pe dz is the Curtis-Godson mean pressure. Thus the approximation
is exact in the ‘strong’ limit. It is also exact in the ‘wealirit when the equivalent
width is independent of pressure. (Show this).

7.3 Heating Rates

,
dE]

_ T — 7B
dt*+E" nB;

If we integrate the radiative transfer equation over fremyeassuming the atmo-
sphere is grey (i.e. non-scattering with an extinctionficoent that is independent
of frequency) we obtain

dF’
-5t F! =B,

EFl
O(Ijt* +F!=7B

This is called theawo-stream approximation. Note thatB is the spectrally integrated
Planck function so thatB(T) = o T*. In each of these equations the first term repre-
sents the rate of change of the irradiance along the patiseitend term represents
the extinction and the third term represents the emissidchwiappens equally in
both directions. Remember that irradiance has a specigctiin associated with
it. If the surface in question is horizontal and the normaloints upwards then the
irradiance under consideratioR!, is associated with upward-moving photons. The
net flux, F, is a vector quantity that represents in magnitude and titre¢he net
irradiance at a given point in space.

F=(F"-FYHr

whereF! is the irradiance from downward-moving photons.

The heating rate in the atmosphere depends on the divergéﬁcdt represents
the net power removed from the medium per unit volume as dtrefsthhe radiation
stream.

dT

apan =-V. |:'t

d
- __—(FT_F!
dz(F F*)

whereF" is measured in the same directionzamndp, is the density of the air. The
heating rate";j—I is usually expressed in K day,
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Given that the atmosphere is transparent in the short-whges can be no short-
wave heating. If we assume that the atmosphere imdative equilibrium then
the long wave heating is also zero. Hence the net upward\wang radiatiorF is
independent of height

F = FT - F! = constant (net upward irradiance)
Let the total irradianceg, be defined
&=FT+FhL

Then on substituting the filuse approximation equations we get

T l

% - C(ijf*_ - ?ji = (F" - 7B) - (-F' + 7B) = £ - 2B,
T l

et SR B (F B = F

However we knowF =constant s¢t = 0. Thus

& =27BandF :er%,

which integrates to give

1
B = —Ft* + constant
2

Using the boundary condition th&t = 0 att* = 0 gives
1
B=—F@+t).
S FAL+t)

Note that=T att* = 0 must balance the incoming unreflected short-wave irr@gian
which we take as 240 W nt2,

Note that there is a discontinuity between the ground teatpesTy and the tem-
perature near the grourdty) The two are related by

B(T () = 7B(Tg) - %F alsorB(T (t})) = %F(l +1).

Eliminating B(ty) (the air temperature near the ground) from these two egpsti
gives the surface temperature

2B(T,) = %F(Z +t).

Thus if the optical depth of the whole atmosphetgis non-zero the emission from
the surface will be greater than the outgoing emission atdpef the atmosphere
(O'Tg is larger tharF1(0)). Thus the presence of the atmosphere increases tlaesurf
temperature. The greenhoudteet again!
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Problem 7.1 A cylindrical cell of radius 5 cm and length 1 m contains a trgps.
A transmission measurement of 0.27 is made in a wavebanceveliethe lines are
isolated and at the weak limit with strength=S What is the amount of gas in the
cell?

Problem 7.2 Show that the solution of Equation 7.18 is
L(m') = m' expEn)[Jo(im') — i Jo(in)].

whereJy andJ; are the modified Bessel functions of the first kind.

Additional Reading
Wolfe, W. L., Introduction to Radiometry, SPIE Optical Engineering Press, 1998.



