3

Introduction to Retrieval Theory

8.1 Measurement

A measurement describes a set of operations which determine the value of a quan-
tity. The quantity may be a scalar, e.g. the temperature of a body, or a vector, e.g. an
atmospheric temperature profile. Following BIPM [2008] it is helpful to define mea-
surand as the particular quantity subject to measurement so that the phrases ‘true
value of a quantity’ and ‘value of the measurand’ are synonymous.

a) Direct Measurement

measurand =———————> measurement(s) = estimate of the measurand

x?
[
Indirect Measurement Retrieval Theory
b .
) measurand == measurement(s) = estimate of the measurand
E —
9 £
s @ I
Dial Reading
FIGURE 8.1

The estimates of the measurand are made (a) by direct measurement or (b) through
applying a retrieval process to indirect measurements. An example of a direct mea-
surement would be the estimation of the width of this page using a ruler. An example
of an indirect measurement would be estimating the temperature of this page from
measurements of the radiation emitted at a specified wavelength.
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Measurement includes the step of either direct or indirect measurement. If the
quantity is measured without an intervening medium or process it is called a di-
rect measurement. Very few instruments directly measure the quantity of interest:
instead, most instruments make an indirect or remote measurement of some effect
caused by the measurand. Inverse or retrieval methods are then used to determine the
measurand from the measurements. The distinction between measurements which
include either a direct or an indirect measurement step is shown schematically in
Figure 8.1.

Retrieval problems have been addressed by many fields and have formed the base
of several atmospheric science texts. Here, there is no intention of reviewing the
field exhaustively: instead, the notation and general approach of Rodgers [Rodgers,
1976, 2000] is followed. This methodology is widely adopted and is a starting point
from which other methods could be explored.

8.1.1 Mean, Variance, Covariance & the Gaussian Distribution

For a set of N numbers {x1, x», ..., xy} the mean value, y or (x) is
| &
u=<x>=N;xi 3.1)

and a measure of the spread of the values is the variance, o2, defined by

1 1Y
azzﬁi;xg—(ﬁzxi] = () = (%) 8.2)

i=1

which is the mean square value minus the squared mean value.

For a set of M vectors {X,X», ..., Xy} of length N the mean value, (X) is
A
™= Z X; (8.3)
j=1

The mean of the i component of X is shown as (x;) or y; defined by

N

1
=) =5 D (84)

J=1

where x; ; is the i component of the j® vector.
The covariance between two variables, x,,x; say, in the vector is

M

1
CoVirar %5) = 2 > (Rt = Ha) (¥ = ) = (Xa¥s) = Hatl (8.5)
k=1
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The covariance matrix, S, is defined by

Cov(xy, x1) Cov(xp, x1) ... Cov(xy, x1)

Cov(x1, x2) Cov(xp, x3) ... Cov(xy, x2)
Sa =Cov(x,,x,) or S= . . . (8.6)

Cov(xy, xy) Cov(xy, xy) ... Cov(xy, xn)

As Cov(x,, xp) = Cov(xp, x,) a covariance matrix is symmetric. It is also positive
definite (REF). The diagonal elements of the covariance matrix are the variances
on the measurements. The off-diagonal elements allow for correlation between the
values of x.

A Gaussian probability density function, P(x), is defined

P(x) =N, o) 8.7

such that P(x)dx represents the probability that x lies in the interval (x, x + dx). An
advantage of using Gaussian representations of pdfs is the algebraic convenience.
For example, the mean and variance for a continuous distribution P(x) are

u= fo(x)dx (8.8)

o’ = f (x — p)*P(x) dx (8.9)

The product of a Gaussian with mean and standard deviation y,,, o, with a second
Gaussian with mean and standard deviation u,, o, is a third Gaussian, i.e.

' 2 2
P(x) « exp _ o) 20':%") ]exp [_—(x 20{1‘2}‘)) ]
~ exp [ - (- ﬂv)z]
202 2072
[ Xu/O2 + x, /02 20’3+0'%
B (x " 1/o2+ 102 ) 20202 (8.10)

which is more simply expressed in terms of the Gaussian parameters so that the
product is a Gaussian with a mean given by

_ Hulon oy

8.11
/o2 +1/02 @10
and a variance given by
1 1 1
== ;5 + O_—%_ (8.12)
In n dimensions the Gaussian measurement probability density function is
1 1
P(x) = N((x),8,) = ————exp|-=(x — (x))'S; ' (x - (x 8.13
(0 = N80 = e exp |- (- OIS x = )| (813
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where S, is the covariance matrix of x and (x) is the vector mean. It follows that

(x) = fo(x)dx. (8.14)

8.1.2 Measurement Error and Uncertainty

The process of measurement is inexact, so the difference between a measured value
and the measurand is called the error. Except in a few cases, the “true” value of the
error is not known and its magnitude is hypothetical. There are many reasons why a
measurement is uncertain. For example, error components in satellite remote sensing
may include terms such as

e instrument noise,
e error arising from simplifications in radiative transfer,
e calibration error,

e crror arising from the uncertainty in parameters used to derive the measure-
ment.

A single measurement can be considered as the outcome from a trial that has
sampled an infinite set of possible measurements. If we were able to perform exactly
the same measurement repeatedly then a histogram of the values would tend to the
measurement probability density function, P(y), where the value of P(y)dy is the
probability that the measurement was in the multidimensional interval (y,y + dy).

An error can be viewed as having a random component and a systematic com-
ponent. The random error is different from measurement to measurement, whereas
the systematic error is the same for each measurement. A measurement which has a
small random uncertainty is said to have high precision, while a measurement which
has a small systematic error is said to have high accuracy. This is shown conceptually
in Figure 8.2.

A correction can be applied to compensate for systematic effects. It is assumed
that, after correction, the expected value of the error arising from a systematic effect
is zero. The correction factor is not known perfectly, so even after compensation
there remains a systematic uncertainty.

The variation of random error can be described by a probability density function
(pdf) such that the expected value of the random error is zero. As the random error
often arises from the addition of many effects, the central limit theorem suggests that
a Gaussian distribution is a good representation of this pdf. The Gaussian or Normal
function with mean u and standard deviation o is denoted N(X, o) and defined by

1 exp (x—ﬂ)z}
0-\/% 20'2 )

Therefore, the uncertainty value commonly adopted for a scale measurand is the one-
sigma standard deviation of repeated measurements of the same quantity under the

N, o) = (8.15)
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FIGURE 8.2

In each of the above figures the true value of the measurand is represented by the
large grey dot, while repeated measurements are shown by the smaller grey dots.
The measurements would be described as: a) precise but inaccurate, b) precise and
accurate, ¢) imprecise but accurate, d) imprecise and inaccurate.

same conditions. A Gaussian pdf is usually very good at describing the uncertainty
resulting from error contributions of a number of independent random processes.
This can be interpreted as a result of the central limit theorem, which can be loosely
summarised as the sum of n random variates tends to a Gaussian as n — oo. For an
m dimensional measurement vector the Gaussian measurement probability density
function is

1
P(y) = SO -9'8'y-9 (8.16)

L [
VOIS, 172
where S, is the covariance matrix of y and ¥ is the measurement in the absence of
error.

A set of random errors {€], e,. .., ey} has a mean value of zero by definition so
that the standard deviation is calculated as

(8.17)
which is also referred to as the root-mean-square or RMS value.
If y is an m element vector with an associated error vector
€1
€
e=| . (8.18)

€m
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then the uncertainty on the measurements is represented by the measurement uncer-
tainty covariance matrix, Sy, defined by

Cov(er, €1) Cov(er, ) --- Cov(er, 6,)
Cov(ee) Cov(e,e) - - Cov(e,€e,)
Sy = . . . . (8.19)

Cov(ey, €1) Cov(ey, 6) - -+ Cov(en, )

As the (¢;) = 0, Equation 8.19 can be written more economically as

(e1€1) {e1&) -+ (€16n)
(e2€1) (€6) -+ {(e2€,) T

Sy = : : : = (e€€e"). (8.20)
(€n€l1) (En€2) - (EmEm)

The diagonal elements of the matrix are the variances of the corresponding element
of y. The off-diagonal elements of the uncertainty covariance matrix allow for corre-
lation between errors. In the same way the variance represents the uncertainty in an
individual value the covariance matrix represents the uncertainty in a vector.

8.1.3 Error Propagation

A measurement may provide involve intermediate values from which the final value
of the measurand is estimated. If the covariance matrix of the intermediate values is
known a method is needed to propagate the uncertainty into the dimensions of the
measurand. For example suppose we want to determine the uncertainty in a quantity
y that is a function of two components xj, x,. To estimate the uncertainty in y the
mean value for y is assumed to be given by the transform of the mean values of x;
and x», i.e.

y=r(x1, %) (8.21)

The spread of y; values is found from a Taylor expansion about the mean, i.e.

ay 0y
Yi—y =~ (x1;— X1) (a—_y) + (X, — X2) (__y) (8.22)
X1 (9x2

The variance of y; is then given by

2 li(y._)—,y:lzm: (x1; — %) ﬂ + (xp; — %) ﬂ ’
y m - i m 1,0 1 (9)?1 2,i 2 6)'(2

i=1

q
Il

=0

= N

0Xx1 0x1 0%y

1 m —\2 2 — —

— Z (x1; — %1)° (6__y) + (X2 — )’ (a—_y) +2(xp,; — X)) (x; — X2) (6—3;) (8—3]

m 0xy 0Xx) 0x1 |\ 0x
2

-\2 - - -
(a_y) +02, (;T_y) +2COV(x],xz)a—ya—y (8.23)
- 2

)}
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In the last line of Equation 8.23 the first two terms can be considered to be the
averages of the squares of the deviations in y produced by the uncertainty in x; and
x, respectively. The third term accounts for and correlation between deviations in x;
and x,. Equation 8.23 can be generalised to a function of N variables and expressed
in matrix form as

oy =kS.k" (8.24)

where S, = (€€") is the error uncertainty matrix and k is the vector defined by

d : :
Y o Oy oy

=2 ke[ g &) 529

For two independent parameters the covariance terms are zero so that Equation 8.23
has the simple form

9y

2

= +
o= (3 )
The propagation of error for a multivariate vector function cab be derived through

an analogous argument. First consider f = {f}, f>,..., fu} a set of M functions of x
which are expanded in a Taylor series about the mean i.e.

ov \2
0')2( @ [for no covariance] (8.26)
2 BXQ

0 i 0 0 i
fi%ﬁ(/h,/lz,--.,/JN)Jr(—af)(m /11)+( f)(xz—ﬂ2)+ ( f)(xzv—/lzv)~
X1 (9 (9xN
(8.27)
The covariance between f; and f; is

Covlie /i) = ifi) — O
(af")(l— )(afi)(xl m>+(afk)(xl m)(%)(xz—um...

(afk)(xl 1)( f)(xN HN)

X1

(6fk)( X2 —H 2)( ﬁ)()ﬂ 1)+(gf)(x2— 2)(af)(x2—/l2)+
X ox

(aﬁ;)(xz - 2)(§f )(XN HN)

9 Ofx
+(6fk)(x1v #N)( f)(xl ,u1)+(af)(x1v ,UN)( f)(xz_/‘2)+

+(afk)(xN ;m)( f’)(xN 1))

N N Of\(f
- 2[5 ) e
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If the uncertainty covariance of x is S, then this summation is more elegantly ex-
pressed in terms of matrices
S, = KS,K" (8.28)

where K is the Jacobian of the set of f with respect to x i.e.

2ix) 0fix) 2fix)

anbo ohbo ok
X 2(X 2(X
oFf of [.)2 P o
K, =2 k=X _| o e ol (8.29)

= or
Ox; ox : : :
Ofn(X) Ofu(X) 0 fin(x)

dx| ox, 0 0xy,

The dimensions of K are n X m (i.e. the size of x times the number of functions).

Example

Consider a series of independent measurements y at points X shown in Figure. If
linear interpolation is used to estimate the value at point ¢ between x, and x; the
value and the uncertainty could be estimated by standard formulae e.g.

2 2
ey (xp = xc) iy (Xe = Xa) 5, = \/(53 (M) +5§b(u)(8,30)
Ya Xp— X,

¢ (xb - xa) b(xb - -xa) ()Cb - xa) a

Interpolation is a weighted average so the interpolate has a reduced the uncertainty,
e.g. if 6, = ¢,, = 6, and if ¢ lies half-way between a and b then

s
Y= 42 5, = —= (8.31)

So then why can’t the process be repeated and the error reduced by V2 each time?
The point here is that successive interpolates are correlated as they have been de-
rived from a common point. If you repeat the interpolation you need to use the full
covariance matrix.

To see what the covariance matrix looks like consider the uncertainty on the y to
be &, and the estimation of the mid-point values would be achieved using a Jacobian
K defined by

1too0---0
ol 1l o...0

K=| °>°* (8.32)
00---0 1 1

and the covariance matrix on the interpolated values is K’ §,K.

It is straightforward to rearrange Equation 8.28 show that the transform of Sy to
S, is
S;' =K'S;'K. (8.33)
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8.2 Retrieval

A retrieval problem has two distinct components: the direct (or forward) problem,
which is the calculation of the measurements from the target quantity, and the inverse
problem, which is the estimation of the target quantity from a set of measurements
with associated errors. Much of the work involved in atmospheric remote sensing is
contained in constructing the forward model. This is the mathematical description of
the atmosphere and of the measuring instrument. The forward model describes the
values that are measured as a function of the atmospheric state. The general approach
involves establishing a set of forward model equations that are then solved, possibly
using additional external constraints. Generally, the forward model equations are not
directly invertible and so mathematical inversion techniques are employed.
In its most simple form the relationship between a measurement, y, and the target
quantity, x, is represented by
y=f(x,b)+€ (8.34)

where f(x) is called the forward function and embodies the physics of the measure-
ment. The measurement error is denoted by € while b represents parameters that are
needed by the forward model but are already well known so are not retrieved. A sim-
ple example would be the estimation of the temperature of a body after measurement
of its emitted spectral radiance. In this case f would denote the Planck function, x
the temperature, y the measured radiance, and b the known wavelength, the Planck
function constants and the spectral emissivity.

8.2.1 Measurement and State Space

In any problem, the finite number of measurements means that only a finite num-
ber of atmospheric properties can be determined. This statement is formalised by
considering m measurements denoted by y;,ys,...y,. These values are assembled
into a vector, y = {y1,¥2,...Ym}, Which is called the measurement vector. The m-
dimensional space of measurement vectors is called the measurement space. The
quantities to be retrieved, xi, X, ... X,, can be assembled into an n element vector,
X = {x1,X2,...x,}, which is called the state vector. In general, the state vector is a
discrete representation of a continuous function, e.g. atmospheric temperature at a
number of levels rather than a continuous profile. The n-dimensional space of state
vectors is called the state space.
The multidimensional form of Equation 8.34 is

y=f(x)+e. (8.35)

As the forward function is exact, the error term arises purely from measurement
noise. The forward model, F(x, b), is the computational representation of the forward
function, where b represents a vector composed of the ancillary known parameters
that are used by the forward model but are not retrieved. For simplicity, the forward



132 An Atmospheric Radiative Transfer Primer

State Space Measurement Space

instrument noise

measurement

torward model

FIGURE 8.3
A simplified view of the relationship between state space and measurement space.

function’s dependence on the ancillary parameters is not usually explicitly shown.
The general representation of a measurement is therefore

y=FXx)+e€ (8.36)

where € is not the same as in Equation 8.35 as it must include contributions from
the approximation of the forward function by the forward model. A simplified rep-
resentation of the terms introduced is shown in Figure 8.3. It should be noted that
the mapping from state space to measurement space is not one-to-one. The subspace
of state space that maps onto a point in measurement space is called null space. Null
space represents a volume in state space that cannot be measured because it maps to
the same point in measurement space.

The approximation of the forward function by the forward model introduces fur-
ther error so that the covariance, S, defined by

Se = ((y - Fx)(y — Fx))") (8.37)

describes the total uncertainty between y and F(x).

8.2.2 The Linear Forward Model

If the measurements are linearly related to the state (i.e. the target quantities) then
Equation 8.36 can be generalised and written

y=Kx+e€ (8.38)

where K is the Jacobian also called weighting function matrix in this context.
The reciprocal of Equation 8.38 relates the estimate of the state X to the measure-
ment vector, i.e.

% =Gy (8.39)

where G is called the gain matrix. This matrix can be used to map the total error to
the uncertainty in the state, i.e.

S, = GS.G". (8.40)
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An obvious approach (and potential mistake) is to assume that G = K~!. To show

how this approach can go wrong, consider two observations of a system described
by two state values where the weighting function is

11 ]
K= [22.01_. (8.41)

If the state has the values [1, 1] then the measurement vector is

11 1 _[ 2
y=Kx= [2 2.01”1 - 4.01}' (842)

The inverse of K [= G in this case] is

K-! _[ 201 —100 |

~200 100 | (843)

This matrix returns the correct state, [1, 1], if the measurement vector is [2,4.01].
However, if one of the measurements in the measurement vector is slightly wrong,
i.e.y = [2,4], then the solution would change to

) 201 -100|[2] _[2
X=Gy=[—200 100”4]=[0]' 844

There is a 100 % difference in each solution for a 0.25 % change in a single mea-
surement. More generally, if the measurements are independent with a total error of
10 % of the signal, i.e. [0.2, 0.4], then the error in the solution is

-200 100(|{0 0.16 (| —100 100 -3208 3200

S = GS GT—[ 201 —100”0.040 H 201 —200] [ 3216 3208]
X = € -

(8.45)
If the uncertainty on the state is estimated by the square root of the dlagonal of
S then the solutions for x; and x, are 2 + 56.7 and 4 + 56.6 respectively. The
magnification of error, and so lack of precision in the result, provides motivation to
find an alternative retrieval approach.

8.2.3 Types of Inverse Problem

Assuming K is of full rank (the rank of a matrix corresponds to the number of lin-
early independent rows or columns of the matrix) there are three types of problem to
consider:

e underconstrained m < n
o well-posed m =n
e overconstrained m > n

For underconstrained problems there are two approaches:
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e reduce the number of unknowns from infinity to, at most, m. This can be
achieved by parameterising the state in some way, e.g. by representing a tem-
perature profile with an m- term Fourier expansion.

e add n — m constraints.

For overconstrained or well-posed problems a standard inverse method is that of the
least-squares solution.

The determination of the gain matrix and hence the solution of the inverse problem
can be approach in two ways. These are:

¢ finding an exact solution where the forward modelled solution (K%) matches
the measurements exactly, or

¢ finding a non-exact solution where the forward modelled solution fits ‘within
experimental error’.

These two approaches are explored in the following section in the application of the
least-squares solution to the inverse problem.

8.3 Least-Squares Solution

A common approach to finding a solution is to adjust the state in order to minimise
the sum-square difference, y?, between the measurements and the predicted mea-
surements F(x). The value of y? is found from

X = i ()’i - an Kijx;

i=1 j=1

2
=(y-Kx)(y-Kx). (8.46)

To find the minimum value of Xz we find where the derivative is zero, i.e.
(9 m
axk Z [yl Z Kljxj Z 2Klk Z Klj-xj]
=2 [Z Kiyi — Z Kt Z K; ,x,] =0 (847
i=1 i=1 j=1

which can be expressed as

m n

Kk: ) = ZKZyl (8.48)

,_
\.



Introduction to Retrieval Theory 135

The least-squares solution is then

m T,,.
i=1 Ky

Xj= - forj=1ton. (8.49)
Zi:l KgiKij

Performing the derivation in matrix notation is quicker:

% [y - K" (y - Kx)| = -2K" (y - Kx) = 2Ky + 2K"Kx = 0
= K'Kx =K'y
= x = (K'K)"'KTy. (8.50)
From this expression it is clear that the gain matrix is
G = (K'K)"'K". (8.51)

Substituting this into the error propagation expression (Equation 8.40) gives the co-
variance error matrix for the least-squares solution as

S, = (K'K)'K"S, [(KTK)—'KT]T = (K"K)"'K"S.K(K"K)™! (8.52)

which makes use of the standard matrix expression (AB)T = BTAT for matrices A
and B. Note that as KTK is symmetric then so also is its inverse (and a symmetric
matrix is unchanged by the transpose operation).

8.3.1 Least-Squares Solution with Errors

If the uncertainty in the measurements and other errors are included in the expression
for y? then
X' =G-Kx)'S ! (y-Kx). (8.53)

Finding the minimum as before
% [(y -Kx)'S ! (y - Kx)] = —2K"S.' (y - Kx) = —2K"S_'y + 2K"S_'Kx = 0
=x = (K'S_'K)"'K'S_ly (8.54)
with an associated gain matrix
G = (K'S;'K)'KT'S! (8.55)
and expression for the error covariance of the state, i.e.
S, = (K'S_'K)"'K"S_'S. [(KTS;lK)’IKTS;l]T = (K'S;'K)"L. (8.56)

which is nothing more than a re-expression of Equation 8.33 which defines the trans-
form of the covariance of y to the covariance of x.
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FIGURE 84
An example radiative retrieval problem.

The result can be constrained by the use of a priori information, x,, which is the
pre-measurement knowledge of the state with an associated uncertainty, S,. The
introduction of the constraint changes the cost function to

X =G-KoTS ' (y-Kx) +(x-x,)"S;'(x - x,) (8.57)

where the first term is the least-squares cost while the second term is the cost associ-
ated with the constraint.

A potential problem with the method of least-squares (and other approaches) is
that K may be singular. Remember, matrix K is singular if K~! does not exist. Even
if K is non-singular, it may be ill-conditioned. A matrix is ill-conditioned if it is
invertible but can become singular (non-invertible) if some of its entries are changed
slightly. This was the case for K in the example given at the end of Section 8.2.2.

8.3.2 An Example Retrieval Problem

To illustrate the set-up of retrieval problems consider the situation shown in Fig-
ure 8.4. A detector views a source of magnitude S in the presence of an ambient
signal, Ag. The source is modulated by a disk that is divided into five sections of
differing opacity. The detector is timed to give five measurements when the source
radiates through each of the opaque regions. The transmissions 7 of the opaque re-
gions of the disk are known to be 0, 0.25, 0.5, 0.75 and 1 respectively. The problem is
to determine the source strength and the ambient signal from the five measurements.
In this situation the measurement vector is

Ao 2.1
02550+ 40| [305
y=| 05S¢+A4|=|42.7 (8.58)

0.755¢ + Ap 79.2
So+ Ao 90.5

where the ‘true’ values of S and A have been taken as 100 and 2, and the mea-
surements have been simulated assuming a measurement noise of 10 % and that the
forward model is exact. These values are in some arbitrary units that will be left
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unspecified. The error has been taken to be uncorrelated so that the total error co-
variance matrix is

004 0 O 0 0
0 729 0 0 0
Se=S,=| 0 0 27.04 0 0 (8.59)
0 0 0 529 0
0o 0 O 0 104.04

The weighting function (which is generally found numerically) has an analytic
form for this example. It is
0 1
0251
K=]05 1]. (8.60)
0751
1 1

The gain matrix is evaluated as

- =[BEUEEE 00 1Y
and the solution is
% =Gy = [823} . (8.62)
Propagating this uncertainty into state space (Equation 8.52) gives the uncertainty on
our estimates as
|

If the least-squares solution includes the uncertainty in the fits then the gain matrix
is

Tl T _ | =201 —0.80 0.55 0.38 0.29

G=KK"K ‘[ 1.00 0.0033 —0.00001 —0.0003 —0.0004 (8.64)

and the solution (from Equation 8.54) is

99.0
x =Gy = [ 21 ] (8.65)
with the associated error covariance
 oTe-lun-1 | 29.7 -0.08

8;=(K SY K™ = [—0.08 0.040 |- (8.66)

There is a clear improvement in fit and a reduction in uncertainty of the state in this
solution.



138 An Atmospheric Radiative Transfer Primer

8.4 Optimal Estimation Solution

There is usually an infinite set of all possible solutions consistent with the measure-
ment vector and its associated errors. In optimal estimation, prior knowledge of the
state is used to constrain the possible solutions. The prior knowledge may come from
earlier measurements, model output or even an educated guess. The use of a priori
information is formalised through Bayes’ theorem.

8.4.1 Bayes’ Theorem

Bayes’ theorem can be derived by considering the probability of event a, P(a), and
event b, P(b). The probability of event a occurring given that event b occurs is the
conditional probability P(alb) and is defined

P(anb)
P(b)

P(alb) = (8.67)

where P(a N b) represents the probability of both a and b occurring. The inverse
conditional probability P(b|a) can similarly be represented

_Planb)
P(bla) = Pa) (8.68)
Rearranging these equations gives
P(alb)P(b) = P(anb) = P(bla)P(a)
_ Pla)P(a)

As an example of the application of Bayes’ theorem consider two bags. In one
bag there are 3 blue marbles and 6 red, while in the second bag there is one blue
marble and 4 red. A die is tossed and if the numbers 1 or 2 are thrown a marble is
selected at random from the first bag, otherwise a marble is selected at random from
the second bag. The probability of getting a blue marble is % X % + % X % = %. Bayes’
theorem can be used to answer the question “If a blue marble is drawn then what is
the probability that the selection was from bag 1?” as follows

P(Blue|Bag 1)P(Bag 1) 32X+ 5
P(Bag 1[Blue) = . P(élu)e) gD _ = (8.70)

[

When applied to a retrieval problem, Bayes’ theorem defines the probability den-
sity function of the state given the measurement, i.e.

P(y[x)P(x)

P(xly) = Py

(8.71)
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where the value of P(y)dy is the probability that the measurement was in the mul-
tidimensional interval (y,y + dy). Similarly, the probability density function, P(X),
has values such that P(x)dx is the probability that the true value of the state lies in
the interval (x, x + dx).

However, describing the solution of a problem by a pdf is not usually very help-
ful. A criterion is needed to select a solution from the constrained set of possible
solutions. The criteria that could be adopted include

o the most probable solution, Xp,x, given by

dP
™ o (8.72)
dx Xmax
o the expected solution, (x), given by
(x) = fP(x)x dx (8.73)

where the integral represents multidimensional integration over all of state
space.

8.4.2 The Linear Retrieval Problem

If Gaussian statistics are used to describe the prior knowledge of the state then P(x)
is given by

P(x) = —%(x —x) S (x - xa)] (8.74)

1 exp [
VQ2n)y'IS,|'72
where X, is the a priori value of x and S, is the associated covariance matrix.

The act of measurement maps the state into measurement space using the forward
function. This transform is represented by the forward model, F(x), so the condi-
tional probability of measuring y given state X is

1
P(yIx) = —5(y —Fe)'S (v - F(x))] (8.75)

1
Vs [
where S, is used instead of Sy to include error introduced by approximating the
forward function by the forward model.

In the inverse problem, it is recognised that a given measurement y could be the
result of a mapping from within a region of state space rather than from a single point.
This idea is shown graphically in Figure 8.5. Bayes’ theorem is used to identify the
region of state space in which the solution lies. The region is identified using the
conditional probability of x giveny, i.e.

1 1 -
P(xly) = {W exp [—E(y ~F()'S; 'y - F(x))]

! 1
XW exp [_E(X - Xa)TS;l (X — Xa):|} /P(y) (876)
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FIGURE 8.5

On applying Bayes’ theorem to the retrieval problem a region in state space is iden-
tified which has a finite probability of giving rise to the measurement. A value is
chosen from this region as the solution.

This expression can be simplified by recognising that P(y) is a constant for a given
measurement as are the determinants of S, and S,. In the linear case F(x) = Kx
giving

P(xly) = c; exp —%(y - Kx))'S_!(y - Kx))] exp [—%(x -x)'S; ' (x - x,)| (8.77)

where
1

 NCRTISAIS, 2 PAy)
Taking the log of both sides of Equation 8.77 and slightly rearranging gives

¢ (8.78)

—2In P(xly) = (y - Kx)"S_'(y - Kx) + (x = x,)"S; ' (x - x,) + 2 (8.79)

where
¢ = 2lncy. (8.80)

The pdf of solutions in state space can be reduced to the most probable solution or
the expected solution, as follows.

8.4.2.1 The Most Probable Solution

The most probable solution X is found by minimizing the right-hand side of Equa-
tion 8.79, i.e.

d _ _
2 | K0TS (y - Kx) + (x - %) (x - x0)| = 0
—2K'S~! (y - K&) +2S,(k —x,) = 0
—2K'S 'y + 2KTS_'Kx + 28,% — 2S,x, = 0.
Hence
(K'S'K +S.)% = K'S ly + S,x,
=% = (K'S:'K +S,) {(K'S !y + S.x,). (8.81)
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This is exactly the same minimization that would occur in finding the least-squared
solution (with error) including a constraint as defined in Equation 8.57.
8.4.2.2 The Expected Solution

The expected solution is found by recognising that the product of two Gaussians is
itself a Gaussian. So taking a Gaussian defined by vector mean, X, and covariance
matrix S,

2InPxly) = x-%)'S'x-%) + 3 (8.82)

and equating the quadratic terms in x with Equation 8.79 gives
x'K'S-'Kx + x'S;'x = x"§7'x
=81 =K'S;'K+S;'. (8.83)
Equating the linear terms in x' gives
~(Kx)'S 'y - x'S;'x, = x"§7'%. (8.84)
Substituting in the expression for §-! (Equation 8.83) gives
x'K'S 'y + xS 'x, = x"(KTS_'K + S71)&. (8.85)
Then rearranging to make X the subject of the equation gives
£ =(K'S'K+S;H) '(K'S 'y + 8. 'x,) (8.86)
which is the expected solution. It can also be expressed as

% =x, +(K'S'K + ;) 'K'S_!(y - Kx,). (8.87)

8.4.2.3 The Optimal Estimate Solution

Comparing the expressions for the most likely solution with the expected solution
shows that they are the same, and can be found by minimizing a least-squares cost
function with a Gaussian constraint on the state. This is also called the optimal
estimate solution. It is convenient to express the solution relative to a reference
value X in state space. As the problem is linear, X = GKx; and the estimate of the
state, X, can be expressed as

X = Gy = xg + Gy — X9 = X9 + Gy — GKx = x¢ + G(y — Kxy). (8.88)

Comparing this to Equation 8.87 shows that the optimal estimate can be considered
as the solution expressed relative to the a priori, and the expression for the gain
matrix is

G =(K'S'K+S;H)'KTS ! (8.89)

Using the gain matrix, the optimal estimation solution (Equation 8.87) can be re-
formed as

X

X, + G(y — Kx,) = x, + Gy — GKx, = Gy + (I, — GK)x, (8.90)
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and seen to be a weighted sum of the measurements and the a priori knowledge of
the state. The error covariance matrix of the optimal estimate is given by

$'=GS.G" = (K'S_'K +S;)! (8.91)

which can be interpreted as a covariance matrix generated by the product of two
Gaussian distributions: one the error covariance transformed into state space and the
other the a priori error covariance.

8.5 Diagnostics

Although the optimal estimate solution is the most likely and the most probable
solution it may not be a very good solution. One of the significant advantages of the
optimal estimation approach is the ability to quantify the quality of the solution. This
is done using three diagnostic measures: the averaging kernel matrix, the degrees of
freedom and the information content of the measurement.

8.5.1 Averaging Kernel Matrix

The averaging kernel matrix, A, relates the most probable state to the true state and

is defined
_ 0%

=

It is found by replacing y by Kx in Equation 8.87 and evaluating the derivative, i.e.

(8.92)

- g_z = ;_X [x: + (K'S.'K + 8;)'K"S! (Kx - Kx,)|
= (K'S;'K +S;H)'KTS_'K
=GK (8.93)

where the last simplification makes use of the identity given by Equation 8.89.
Combing Equations 8.88 and 8.93 gives an expression for the optimal solution in
terms of the averaging kernel matrix, i.e.

%= Ax + (I - A)x, (8.94)

so that it is possible to interpret A as the weights of a weighted mean of the true state
and an a priori estimate that give rise to X. The rows of A are the averaging kernels
(smoothing functions) that map the true state into retrieval space. The width of the
kernel is a measure of retrieval resolution. The area of a kernel is approximately
unity for an accurate retrieval and can be interpreted as a measure of the fraction of
the retrieved value that originates from the signal and not from the a priori.
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8.5.2 Degrees of Freedom

The number of degrees of freedom, d, is a scalar measure of the number of indepen-
dent quantities that can be measured. For example, consider choosing three numbers
at random. This process has three degrees of freedom. The degrees of freedom is
reduced by each independent constraint we place on the process. For example, if the
three numbers are required to add up to some number ¢ then the first two numbers
can be selected at random, but the third must be chosen so that it makes the total
equal to t — thus the degree of freedom is two.

Now consider a set of n values {x{, x> ... x,} drawn from a Gaussian distribution
with mean 0 and standard deviation 1. By definition, the y? distribution is the sum of
the square of x,,. The expected value of y? is n, the number of degrees of freedom. If
a distribution has a non-zero mean y and a non-unity standard deviation o then the
values are transformed to N(0, 1) to get )(2, i.e.

n L 2
P = Z (X,O_zll) ' (8.95)
i1

For a multivariate Gaussian distribution N(u, X) the expression for y* becomes
2 _ T g1
X =x-p) X (x-p). (8.96)
Hence at the optimal solution the value of y? is expected to be
X =G-K)'S (y-Kx) + (x—x)'S; ' (x = x,) ¥ m (8.97)

where it is assumed m = n. More generally, the largest number of degrees of freedom
possible is determined by the number of elements in the measurement vector m or
the state vector n, whichever is the smaller. The number of degrees of freedom can
be divided into two parts; the degrees of freedom for signal, dy, and the degrees of
freedom for noise, d,. Formally, these can be expressed as [Rodgers, 2000]

dy = tr(A) (8.98)
d, = tr[S«(KS, KT +S)7'1. (8.99)

It follows that d; +d,, = m. If the degrees of freedom for signal at the solution is such
that d; < n then it may be that there is little information in the measurement about
one of the state vector elements, or that two or more of the state vector elements are
highly correlated.

8.5.3 Information Content of a Measurement

An obvious measure of the quality of the retrieval is given by the diagonal elements
of the error covariance matrix, S. As a first order approximation the square root of the
diagonal elements gives the retrieval error on the retrieved parameter. This value can
be compared to the corresponding diagonal element in the a priori covariance matrix
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to see how much the uncertainty in a parameter has been reduced by a measurement.
More formally, this comparison is done using the concept of information content.

The information content of a measurement can be defined qualitatively as the fac-
tor by which knowledge of a quantity is improved by making a measurement. The
Shannon definition of information content [Shannon and Weaver, 1949] describes
reduction of entropy caused by taking a measurement. They define the entropy S (P)
of pdf P as

S(P)= ) pilog, p; (8.100)
i=1

where p; is the probability of the system being in state i. For an n dimensional

Gaussian distribution whose covariance is Sy this evaluates to [Rodgers, 2000]

1
S(P) = nlog, V2re + 3 log, ISl (8.101)

If P(x) is the pdf of the state before measurement and P(x]y) is the pdf of the state
after measurement then the Shannon information content H is given by

H = S[P(x)] = S[P(x[y)] (8.102)

which for the linear Gaussian case is

1 1. .
H= 7S~ > nf§]

1 A
3 log, IS 1S, |

1
5 log, [T Al (8.103)

Therefore the measurement will approach maximum information content as the av-
eraging kernel approaches the identity matrix. As A is a readily available diagnostic
the information content of a retrieval can be simply derived.

8.6 Non-Linearity

If the forward model is linear and the a priori state is described by Gaussian statistics
then the cost function (Equation 8.57) will be quadratic in the state vector and the
equations to be solved will be linear. However, in most atmospheric problems the
forward model is rarely linear. For a non-linear problem it is possible to linearize the
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forward model (Equation 8.38) about a reference state, X¢, using a Taylor expansion,

OF 1 0*F
¥~ F(x0) = (x = %0) = ot E(x—xwz | te
=X0
F
~ (X —Xp) Z_Xx—xo +€
=Kx-Xxp) +€ (8.104)

where the Jacobian matrix is estimated at the reference state, i.e.

OF;
K, = 0P

(8.105)

axj X=X

To obtain a solution an initial solution is assumed: the first guess. The forward model
is then linearised about this state and a new estimate of the solution is formed. This
process continues until some convergence criterion is reached.

8.6.1 Iterating to a Solution

The optimal estimate solution, %, minimises a joint cost function y? defined by
X' =G -FR)'S(y-FR)+&-x)"S;' (& - xy). (8.106)
There are many approaches to functional minimisation (e.g. see Press [1992]).

8.6.1.1 Steepest Descent

The method of steepest descent is an algorithm for finding the nearest local minimum
of a function. A real valued function g(x) shows the greatest change in the direction
of the steepest gradient. Hence a sufficiently small step size y will result in a decrease
in the value of the function, i.e.

1
8(& - ;Vg(ﬁ)) <8 (8.107)

To find the optimal solution the method of steepest descent takes the form of iterating
lo 2
Xiv1 =& - ;VX €9 (8.108)

starting from an initial guess, Xo. At each step the value of y?(x;,) is compared to the
value of y?(x;). If the new value of the function is smaller than the old the step then
it is accepted and the value of y decreased. If the minimum has been *overstepped’
then the old value of x is retained and v is increased. The initial value of y is usually
chosen to give a reasonably small change in x under the assumption that we are
starting reasonably close to the solution.
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4) estimate zero X 0) 1° guess
2) estimate zero

FIGURE 8.6
Successive approximation steps to find f(x) = 0 using Newtonian iteration.

8.6.1.2 Newton’s Method

Newton’s method for finding the zero of a scalar function f(x) is to iterate estimates
of the zero and the local gradients, i.e.

df(x;)
dx

-1
] S(x). (8.109)

Xit1 =Xi—[

Figure 8.6 illustrates this: an initial estimate of the zero of x; together with the local

gradient, % is used to estimate x,. The value of x, and the gradient at x, are then
used to estimate x3, and so on. For a vector valued function, g(x), the Newtonian

iteration equation is

X1 = €~ [Ve(©)] ™ g(©). (8.110)

8.6.2 Levenberg-Marquardt Method

The Levenberg-Marquardt method combines Newton’s method with the method of
steepest descent, using Newtonian iteration near the solution and steepest descent
far from the solution. The Levenberg-Marquardt method can be used to find the
minimum of y? from the algorithm

Xt = € = [V = vL] 7'V (8.111)

where I, is the n X n identity matrix. As y — 0, the Levenberg-Marquardt step tends
to the Newtonian iteration method and as y — oo it tends to the method of steepest
descent. The values of y are chosen to give steepest descent far from the solution
and Newtonian iteration near the solution by monitoring y?:

e If y? increases, y should be increased (making the step size smaller) and £ left
unchanged.

e If y? decreases, y should be decreased (making the step size larger) and &
updated.



Introduction to Retrieval Theory 147

The factor by which v is increased or decreased can be flexible so it is somewhat
dependent on the problem, but is most often set to a factor of 10.

Applying the Levenberg-Marquardt method to the optimal estimation problem
where the cost function is given in equation 6.15 gives the iteration:

X1 =&+ (S, +KISI'K +yL) KIS (y - F(€) - S, ' (€ - x0)]. (8.112)

As elements of the state vector may have different magnitudes and dimensions, they
should be scaled. A convenient means of doing this is to replace I, with S;! as a
scaling matrix, as it has the right dimensions. The Levenberg-Marquardt step then
becomes:

Xien = €+ (S;" + KIST'K; +91) ' [KIS (y - F(x)) - S;'(€ —x2)]. (8.113)

Commonly in retrieval codes a sequence of iterations is deemed to have converged
if the change in y? between steps is small. Alternatively, there is little point iterating
if the change in x is much smaller than the uncertainty in x for all the components of
X.

8.6.3 The Non-Linear Solution

The parameters describing retrieval quality discussed in Section 8.5 (the averaging
kernel, the degrees of freedom and the information content) were derived under the
assumption that the forward model and retrieval method are linear. It is important to
realise that they can still be applied for a non-linear retrieval provided the forward
model is linear within the error bounds of the retrieval [Rodgers, 2000]. As the prior
state appears only linearly in the iterative retrieval method, the same solution would
be obtained by linearising the forward model at the retrieval solution. Thus, the
averaging kernel is a valid concept for interpreting the iterative optimal estimation
retrieval. Also, the total error covariance matrix of the solution S is valid if it is
evaluated at the solution and regarded as if the problem is linear at the solution.

A final important consideration in non-linear problems is that they may be ill-
posed. Roughly speaking a problem is said to be well-posed if, for a wide class of
data and in appropriate norms, it has a unique solution depending continuously on the
data. In contrast, inverse problems are usually ill-posed and the y? surface may have
multiple minima. Other minimization techniques may need to be employed (e.g.
simulated annealing [Press, 1992]) to identify the region of the global minimum and
so choose a suitable first guess from which the optimal estimation method can be
employed.
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8.7 Retrieval Error

The mapping from state space to measurement space has so far been assumed to be
described by the forward model through

y=Fx,b) +e. (8.114)

In many cases the measurement noise is the dominant error term, so S, = Sy. How-
ever, in some cases significant forward model error compared with the physics is
unavoidable. Two sources of error are considered

o the exclusion of some parameters in the forward model that may influence the
behaviour of the forward function, e.g. in a model of transmission assuming
an absorbing gas species can be ignored because it is usually present in very
small amounts,

o the uncertainty in those parameters that are used in the forward model, e.g.
in a model of transmission assuming a fixed amount of absorbing gas species
when its amount actually varies.

The state and measurements are exactly related through the physical process em-
bodied in the forward function

y =f(x,b) + €. (8.115)
The forward model error, Af, is then characterised by
Af(x,b,b’) = f(x,b,b’) - F(x, b) (8.116)

where b represents parameters used by the forward model and b’ represents the
forward function parameters which are ignored in the construction of the forward
model. The term b is used to denote the best estimates of b that are used in the
forward model.

If the total measurement error (forward model errors plus experimental errors) are
described by the total error covariance matrix S, then the inverse solutions should
be calculated using S, rather than Sy. However, it is worth examining the forward
model error in detail.

8.7.1 Forward Model Error

The error analysis of the inverse method can be better understood if the problem is
considered linear at the solution. If the forward model is then linearised about x = x,
and b = b then

F(x,b) = F(x,, b) + K,(x — x,) + K,(b — b) (8.117)
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where K, = g—l; and K, = %. The forward function can then be expressed as

f(x,b,b’) = F(x,b) + Af(x,b,b’) = F(x,, b) + K,(x — x,) + K, (b — b) + Af(x, b, b).

(8.118)

The retrieved state X comes from some inverse transform R that is a function of the

measurements y, forward model parameters f), the a priori knowledge of the state x,,

and parameters that do not appear in the forward function but do affect the retrieval
c, ie.

% = R(y, b, x,,¢) (8.119)

and the relation between the true state and the retrieved state becomes
% = R((x,b) + €,b,x,, ¢) (8.120)
so that
% = R(F(x,, b) + K.(x — x,) + Kp(b — b) + Af(x,b,b’) + €, b,x,,¢).  (8.121)
Assuming the inverse method is linear with respect to y at the solution then

% = R(F(x,, b), b, x,,¢) + G, [Kx(x —x,) + Kp(b — b) + Af(x, b, ') + e] (8.122)

where G, = ‘Z—Iy{. It follows from the definition of A that

o%
A= (a_x) = G,K,. (8.123)

Following Rodgers [2000] an expression for the error in the retrieval X as a difference
from the true state can be obtained from Equation 8.122 by using the fact that

R(F(x,, b), b, x,,0) = x, (8.124)
SO

% -x = x, + G,K,(x - X,) + G,K(b — b) + G,Af(x,b,b’) + Gye — x
=X, — X + AX — Ax, + G,K;,(b — b) + G, Af(x,b,b") + Gye
= (A -L)x - (A - L)X, + G,Ky(b — b) + G,Af(x,b,b’) + Ge
= (A - L)(X - X)) + G,K,(b — b) + G,Af(x,b,b") + Gye.  (8.125)

The terms in this equation correspond to a source of error propagated through the
inverse method into the solution:

o The first term, (A — I,,)(x — X;), is known as the smoothing error. This is the
error due to the lack of sensitivity of the observing system to the individual
parameters of the state vector. This term will be zero if on average x = X,, i.e.
the set of potential x is unbiased with respect to the a priori.
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e The second term, G,K;(b — b), is known as the model parameter error. The
error covariance of this contribution is GyK;S,K; G| where S, = ((b - b)(b -

b)T). Typically S, is a diagonal matrix with the elements of the diagonal being
the uncertainties in the model parameters.

e The third term, G,Af(x,b,b’), is known as the forward model error. If the
forward model is based on a mathematical approximation then the forward
model error is calculated as the typical difference between the approximation
and the more exact model. In other cases, knowledge of the true physics may
be so poor as to make estimates of the forward model error little more than an
educated guess.

e The final term, Gye, is known as the retrieval noise. It can be interpreted as the
measurement noise projected into state space and its covariance is represented
by GySyGyT.

The full estimation of the uncertainty in the retrieval requires the evaluation and
summation of the last three of these contributions. In practice, only the final term
is usually considered. If a forward model parameter is so poorly known that it con-
tributes significantly to the error budget, consideration should be given to including
it in the state vector and so potentially estimating a more exact value. A target often
used in developing a forward model is to require an accuracy that is about 1/10 th
of the measurement uncertainty, thus ensuring the measurement error dominates the
error budget.

Problem 8.1 Show that if S, = KS,KT then S;! = KTS; K.
Problem 8.2 Derive Equation 8.87 from Equation 8.86.

Problem 8.3 Starting from Equation 8.89 derive the identity G = S,KT(KS, K" +
Sy,

Problem 8.4 Derive Equation 8.91 from Equation 8.83.
Problem 8.5 Derive the identity I — A = §S;!.

Problem 8.6 Consider the retrieval example described in Section 8.3.2. Given an a
priori value of the state of
. - [ 101 ]
71 1.8
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which has an associated covariance matrix

40
Sa:[oo.s]

calculate the following
1. the optimal solution,
2. the error covariance matrix for the optimal estimate,
3. the averaging kernel,
4. the degrees of freedom for signal and noise,

5. the change in information content caused by making the measurement.

Problem 8.7 Generate the equation to estimate X;,; using Newton’s method by ap-
plying Equation 8.110 to the cost expression for maximum likelihood.

Problem 8.8 A three band radiometer operating at 3.7, 10.8 and 12 um is used to
observe the sea surface at night along an isothermal path. Measurements in the three
channels can be assumed to be independent. The transmission of the atmosphere
from the radiometer to the sea surface in each of the bands is 0.94 + 0.2, 0.84 + 0.2
and 0.95 + 0.2 respectively. Similarly, the emissivity of sea water in each of the
bands is 0.99, 0.98 and 0.96. A climatology of sea surface temperature suggests a
value of 15+3 C for the location observed by the radiometer. Given that the radiances
measured by the instrument were Z +z, X + x and Y + y, determine optimal estimates
of the sea surface temperature and the intervening atmosphere and their uncertainty.
Hint: this is a non-linear problem so is best solved using an iterative computer pro-
gramme.
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